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Collective behavior of coupled oscillators

and their reduced phase models

Having a battery of analytic and numerical phase reduction techniques introduced and expli-

cated in the previous Chapter, we duly apply them to two classic examples. The first is a

network of Brusselators, which is one of the most discussed chemical oscillators. The sec-

ond example comprises a more elaborate interdisciplinary model of coupled Wilson-Cowan

oscillators. Both of them illustrate the benefits and pitfalls of the different phase reduction

techniques. A point-by-point application further allows for a thorough comparison between

the techniques. The reduction of complex oscillatory systems is crucial for numerical analy-

ses but more so for analytical estimates and model prediction. The most common reduction

is towards phase oscillator networks that have proven successful in describing not only the

transition between incoherence and global synchronization, but in predicting the existence of

non-trivial network states. Many of these predictions have been confirmed in experiments.

The phase dynamics, however, depends to large extent on the employed phase reduction tech-

nique.

Adapted from: Pietras B., Daffertshofer A. (2018). Network dynamics of coupled oscillators

and phase reduction techniques, (Sections 5 – 7). Under review.
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3.1 Networks of identical Brusselators

The Brusselator is a theoretical model of oscillating chemical reactions. It perfectly serves

to illustrate our approaches to phase reduction introduced in Chapter 2 since it exhibits a

supercritical Hopf bifurcation. The system comprises four hypothetical chemical reactions

and has been developed by the Brussels school around Ilya Prigogine and René Lefever157 –

hence the name. For a long time, reports on oscillating chemical reactions were facing harsh

skepticism. Despite the strong interest in biological and biochemical oscillations in the 1950s

and 60s, the discovery of oscillatory patterns in a closed chemical system by Belousov158 in

1951 had to be meticulously reproduced and investigated for years by Zhabotinsky159 un-

til the nowadays so famous Belousov-Zhabotinsky reaction found its way into the scientific

community160; for an overview of oscillating chemical reactions see also38,161,162. In a way,

the Belousov-Zhabotinsky reaction was conceived as a manageable model of more complex

systems, which simultaneously bore a close analogy to biology: Strogatz describes this anal-

ogy where “propagating waves of oxidation [. . . ] annihilate upon collision just like waves of

excitation in neural or cardiac tissue. [. . . ] spiral waves are now an ubiquitous feature of

chemical, biological, and physical excitable media”162. The original Belousov-Zhabotinsky

reaction, which involves more than twenty elementary reaction steps, could effectively be

rewritten in three differential equations. From a similar perspective, one can regard the

Brusselator as a simplified chemical oscillator, which can be described in two differential

equations. Despite its ability to exhibit oscillatory dynamics, as found in the Belousov-

Zhabotinsky reaction, the Brusselator is a mere hypothetical model and is not based on a

particular chemical reaction. Nonetheless, it serves as an exquisite example to apply the

arsenal of phase reduction techniques presented in the previous section.[1]

3.1.1 Single node dynamics

The chemical reactions of the Brusselator are described in terms of

A
ka−−−→ X (3.1a)

B +X
kb−−−→ Y + C (3.1b)

2X + Y
kc−−−→ 3X (3.1c)

X
kd−−−→ D , (3.1d)

[1] There exists also a natural extension of the Brusselator model into a two-component reaction-diffusion
system, which allows for so-called chemical waves and other pattern formation, such as, e.g., travel-
ing fronts or rotating spirals in an extended medium38. It is not only possible to define a phase for
rhythmic patterns in extended media, but also to derive the corresponding phase dynamics from the
underlying spatio-temporal dynamics, as has been successfully demonstrated by Nakao, Kawamura and
co-workers87,163,164. This strategy can be used to determine a meaningful phase dynamics of periodic
fluid flows165. It has been extended to reduce the phase dynamics of limit cycle solutions to general
partial differential equations166. In the same way, the phase dynamics of collective oscillations of glob-
ally coupled noisy elements can be derived, given that these oscillations are solutions to a nonlinear
Fokker-Planck equation167,168.
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which sum up to A + B → C + D. Each of the reactions (3.1a–d) has a rate constant

ka to kd. Under the assumption that the chemicals A and B are in vast excess, one can

assume that their concentrations stay constant. On the other hand, the products C and D

are constantly removed. The concentrations of X and Y will react sensitively to already

weak perturbations and reach an oscillatory state when the overall reaction is far from an

equilibrium solution. (3.1) can thus be considered a thermodynamically open system with

the following rate equations for the (dimensionless) concentrations x = [X] and y = [Y ]

ẋ = ka[A]− kb[B]x+ kcx
2y − kdx

ẏ = kb[B]x− kcx2y
(3.2)

with free parameters ka[A], kb[B], kc and kd. The rate equations (3.2) can be understood as

follows: Reaction (3.1a) always leads to an increase of concentration x, which is proportional

to the product of the rate ka and the concentration [A] of chemical A. Likewise, reaction

(3.1d) leads to a decrease of concentration x at rate kd. Whenever the two chemicals B

and X are involved in reaction (3.1b), this leads to an increase in concentration y that

is proportional to the rate kb times the concentrations of B and X, and a simultaneous

decrease of the same amount of concentration x. Reaction (3.1c) can be understood in the

same manner, only that this reaction leads to an increase in x and a (balanced) decrease in

concentration y.

3.1.2 Coupled Brusselators

We consider a network of Brusselators by coupling multiple nodes xk = (xk, yk) ∈ R2,

k = 1, . . . , N . In the following, we will fix the rate constants kc = kd = 1 and consider

a = ka[A], b = kb[B] ∈ R+ as possible bifurcation parameters. Our Brusselator network

model then reads

ẋk = a− (b+ 1)xk + x2
kyk + κgk,x(x1, . . . , xN , y1, . . . , yN )

ẏk = bxk − x2
kyk + κgk,y(x1, . . . , xN , y1, . . . , yN )

(3.3)

for some weak coupling strength 0 ≤ |κ| � 1 and with coupling functions gk,x, gk,y : R2N →
R. Without coupling, κ = 0, every node has a stable fixed point at (x0, y0) = (a, b/a), which

undergoes a supercritical Hopf bifurcation at b = 1 + a2. Introducing the new variables

x̃k = xk − x0 and ỹk = yk − y0, we can shift the fixed point to the origin, (x̃0, ỹ0) = (0, 0).

Moreover, we restrict the form of the coupling to be the sum of pairwise interactions between

nodes x̃k, x̃j , k 6= j, so that the dynamics (3.3) become

ẋk = (b− 1)xk + a2yk +
b

a
x2
k + 2axkyk + x2

kyk +
κ

N

N∑
j=1

Ckjgx(xk,xj)

ẏk = −bxk − a2yk −
b

a
x2
k − 2axkyk − x2

kyk +
κ

N

N∑
j=1

Ckjgy(xk,xj) .

(3.4)
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Note that we omitted the tildes for the sake of readability. We also assumed the coupling

terms g = (gx, gy) to be identical across nodes. The adjacency matrix C = {Ckj} specifies

the connectivity between nodes xk and xj . We define the bifurcation parameter as

µ =
b

1 + a2
− 1 (3.5)

and aim at transforming the dynamics (3.4) into Jordan real form, that is, the linearized

dynamics with Jacobian L(µ) around the fixed point (0, 0) is of the form(
ẋk
ẏk

)
=

(
%(µ) −ω(µ)

ω(µ) %(µ)

)(
xk
yk

)
,

To do so, we use the transformation matrix

T (µ) = 1
2(1+µ)(1+a2)

(
−
(
µ+ a2(2 + µ)

) √
4a2 − µ2(1 + a2)2

2(1 + µ)(1 + a2) 0

)
, (3.6)

where
√

4a2 − µ2(1 + a2)2/2 = ω(µ) is the emergent frequency of the oscillatory dynamics

for µ ≥ 0 and ω0 = ω(0) = a.[2] The to-be-analyzed system then reads

ẋk = L(µ)xk + T−1N1(Txk;µ) + T−1N2(Txk;µ) +
κ

N

N∑
j=1

CkjT
−1g(Txk,Txj) (3.7)

with

L(µ) =
1

2

(
µ(1 + a2) −

√
4a2 − µ2(1 + a2)2√

4a2 − µ2(1 + a2)2 µ(1 + a2)

)

N1(x;µ) =

(
(1 + µ)(1 + a2) 2a 0

−(1 + µ)(1 + a2) −2a 0

)x
2

xy

y2



N2(x;µ) =

(
0 1 0 0

0 −1 0 0

)
x3

x2y

xy2

y3

 .

3.1.3 Identifying the Hopf normal form

To prepare the different reduction techniques, in particular Kuramoto’s reductive perturba-

tion and Poincaré’s nonlinear transform approach, we first specify the parameters that are

independent of the coupling.

[2] Note that for a ≥ 0 and |µ| � 1, T (µ) can only become singular when µ = a = 0. In this case,
det
(
T (0)

)
= 0, and the Jacobian L(0) = 0 vanishes, too.
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Kuramoto’s reductive perturbation Following Section 2.2.2.1, the normal form parameters

α, β in (2.41),

f(w, w̄) = αw − β|w|2w ,

can be identified as

α = 1
2
µ
(
1 + a2)+ ia and β = 1

2

(
1 +

2

a2
+ i

4− 7a2 + 4a4

3a3

)
. (3.8)

Note that β is independent of the bifurcation parameter µ, whereas α depends on µ. Hence,

varying µ may strongly affect the normal form. The coupling parameters of order O(κ) can

be computed using the expressions above once the type of coupling has been established.

Considering one Brusselator as an integral element of a network of coupled oscillators, each

oscillator is now subject to ‘perturbations’ from the respective other nodes. The initial and

indispensable step is to investigate how an individual Brusselator reacts to perturbations in

general. For this, we determine the phase sensitivity function[3] Z either analytically from

the reduced Hopf normal form, or numerically as presented in Sections 2.3 and 2.3.2. The

analytically derived phase sensitivity function is perfectly sinusoidal. It reads

Z(θ) =
1

R

(
−c2 cos θ − sin θ

−c2 sin θ + cos θ

)
, where R2 =

Re(α)

Re(β)
and c2 =

Im(β)

Re(β)
, (3.9)

α and β are determined by the analytic normal form reduction technique, e.g., by (3.8), see

also Section 2.2.5. By contrast, the numerically computed phase sensitivity function may

exhibit higher harmonics for growing distance from the Hopf bifurcation point as there is no

preceding Hopf normal form reduction that imposes circular symmetry on the limit cycle.

Poincaré’s reduction via nonlinear transforms In a similar way, one can compute the (un-

coupled part of the) normal form according to the reduction approach via nonlinear trans-

forms from Section 2.2.2.2. There, no assumptions on the smallness of the bifurcation

parameter µ are imposed. On the one hand this improves the accuracy by making both α, β

depend on µ. But on the other hand it yields equations that are too lengthy to report, given

dynamics (3.7). As an alternative, we will compare the different reduced phase dynamics

numerically and graphically.

3.1.4 Comparing analytic and numerical phase reductions

3.1.4.1 Linear coupling

A comparison of the different phase sensitivity functions provides only limited insight about

the network’s phase dynamics. Arguably more important is the shape of the entire phase

[3] All phase reduction techniques discussed in Sections 2.2 and 2.3 build on an explicit computation of
the phase sensitivity function Z except for the phase reduction approach based on SN × S1-symmetry,
Section 2.2.6. However, since this symmetry approach requires the underlying dynamics in Hopf normal
form, one can readily extract Z from the normal form parameters.
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interaction function H, which also accounts for the type of coupling. For our network of

Brusselators, we first consider global, linear diffusive coupling between oscillators[4]

Ckjg(xk,xj) =

(
xj − xk
d(yj − yk)

)
(3.10)

with some coupling constant d ∈ R cf. 95; d ≥ 0 ‘weights’ the coupling between yj and yk

relative to that between xj and xk.

In the following, we will investigate how collective dynamics of weakly and linearly coupled

Brusselators can be predicted with the help of reduced phase models when varying the

parameters a, d, and µ. We will focus on the boundaries between stability and instability of

the fully synchronized state and of the (balanced) two cluster state. These boundaries are

described in terms of the amplitudes an, bn of the first and second harmonics of the phase

interaction function (2.17),

H(ψ) =
∑
n≥0

an cos(nψ) + bn sin(nψ) .

i.e. for n = 1 and n = 2, respectively.

Analytic phase reductions Recall that the sought-for dynamics (2.31) reads

ẇk = αwk − β|wk|2wk +
κ

N

N∑
j=1

Ckj
[
γwj + δw̄kw

2
j

]
.

This means that the parameters γ and δ remain to be specified. Along Kuramoto’s reductive

perturbation technique we obtain for the Brusselator network with linear coupling (3.10)

γ =
1

2
+
d

2
+ i

a

2
(1 + d) ,

δ = −4 + a2(2− 10d) + d+ a4(−2 + 7d)

9a4
− i 4 + a2(2− 11d) + 2a4(−1 + d) + 5d

9a3
.

(3.11)

When combined with the parameters α, β in (3.8), this leads to

c1 =
Im(γ)

Re(γ)
=
−a(1− d)

1 + d
,

c2 =
Im(β)

Re(β)
=

4− 7a2 + 4a4

6a+ 3a3
,

c3 =
Im(δ)

Re(δ)
=
a
[
4 + a2(2− 11d) + 2a4(−1 + d) + 5d

]
4 + a2(2− 10d) + d+ a4(−2 + 7d)

,

(3.12)

and to the radius R = µ
√

a2(1+a2)

2+a2
. From there we can derive the amplitudes a1, a2, b1, and

b2 of H, see Section 2.2.3.

[4] Approximate linear coupling schemes have also been realized in experiments with electro-chemical os-
cillators, see e.g., 95,169, which underlines the relevance of this comparably simple type of coupling.
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Analogously, one can derive these amplitudes along Poincaré’s reduction via nonlinear

transforms. Although the parameters α, β, γ, δ are the main contributors to the reduced

phase dynamics, the nonlinear transform approach allows to include corrective coupling

terms gklmn apart from γ = g0010 and δ = g0120, see Section 2.2.2.2. The resulting ampli-

tudes a1, a2, b1, and b2 of H using the nonlinear transform approach can thus be expected

more accurate. Besides that corrective coupling terms are taken into account, the nonlin-

ear transform approach also employs parameter-dependent transformations at every order.

The reductive perturbation approach, in contrast, discards these parameter effects across all

nonlinear terms.

As said, the explicit parameter-dependent expressions of a1, a2, b1, and b2 are quite lengthy

and, therefore, we compare the outcome of these two phase reduction techniques graphically.

For this, we determined the stability boundaries of the synchronized state and of the balanced

two cluster state in the a−d plane for a fixed radius of the limit cycle oscillations that emerged

through the supercritical Hopf bifurcation. In particular, we investigated oscillations with

radius R = 0.1 and R = 0.4. These values correspond to the distance µ > 0 from the Hopf

bifurcation point via µ = R [(2+a2)/(a2(1+a2))]1/2. By increasing the parameter a between

1 ≤ a ≤ 3, µ decreases from 0.49 to 0.14 for large-amplitude oscillations, R = 0.4, and from

0.12 to 0.035 for R = 0.1, respectively. Moreover, d is varied in the interval [0, 1]. The

stability of the synchronized state can be directly assessed using the derivative H ′(0) of the

phase interaction function H, which we display in Fig. 3.1.

As H ′(0) changes signs, the synchronized state switches from stable to unstable depending

on the sign of the coupling κ. Note that the stability boundary of the synchronized state

can be given by {b1 + 2b2 = 0} and the one of the two cluster state by {b2 = 0} for the Hopf

normal form network dynamics (2.31). The parameter regions where the fully synchronized

and the two cluster states are stable are depicted in Fig. 3.2 for the reductive perturbation

approach (panels a and e) and the nonlinear transforms approach (b and f).

The differences between the two different analytic normal form reductions (together with

a subsequent phase reduction) are hardly visible for small-amplitude oscillations, both in

the H ′(0)- and in the cluster plots. Increasing the radius of oscillation leads to a minor

reduction in size of the synchronization region (depicted in red) for both reduction techniques.

The boundary indicating the emergence of a stable (anti-phase) two cluster state (blue) is

slightly bent following the reductive perturbation approach, but becomes a straight line in

the nonlinear transform approach.

Numerical phase reductions We also determined the properties of the Brusselator’s limit

cycle and its phase sensitivity function H numerically using either of the reduction techniques

presented in Section 2.3.[5] Extracting the amplitudes of the first and second harmonics of

H, we again calculated the stability boundaries of the fully synchronized and two cluster

states, respectively. The results are summarized in Fig. 3.1 (panels c, f) and Fig. 3.2 (panels

c, g).

When comparing the network predictions to those based on the analytic techniques, we

[5] In particular, we employed the direct numerical method presented Section 2.3.2.
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Figure 3.1: Stability of the globally synchronized state of the network of linearly coupled Brussela-
tors is determined through the phase interaction function H. If sgn(κ)H′(0) > 0, the synchronized
state is stable, otherwise unstable. In line with the subsequent analysis, we use κ < 0 and show
−H′(0) color coded in the a − d plane for (a-c) small-amplitude oscillations, R = 0.1, i.e. near the
Hopf bifurcation point, and for (d-f) large-amplitude oscillations, R = 0.4, further away from the
Hopf point. A change of stability occurs at H′(0) = 0 (green), between positive (red) and negative
(blue) areas. The phase interaction function is reduced via (a,d) Kuramoto’s reductive perturbation
approach, (b,e) Poincaré’s nonlinear transform approach, and (c,f) the direct numerical method.

Figure 3.2: Stable globally synchronized states (red) and stable balanced two-cluster states (blue)
of the network of linearly coupled Brusselators in the a− d plane for (a-d) small-amplitude, and for
(e-h) large-amplitude oscillations with R = 0.1 and R = 0.4, respectively. The (negative) coupling
strength is set at κ = −0.001. Results are obtained via (a,e) Kuramoto’s reductive perturbation
approach, (b,f) Poincaré’s nonlinear transform approach, and (c,g) the direct numerical method,
and compared against (d,h) simulations of the full network of N = 30 weakly coupled Brusselators.
In the full network, also stable three-cluster states occurred (green).

found that for small-amplitude oscillations the agreement appeared almost perfect and the

stability boundaries are nearly identical. However, for large-amplitude oscillations, the dif-

ferent techniques diverged significantly. While the synchronization region shrank according

to the analytic techniques, it enlarged following the numerical reduction. The boundary for

the two cluster state slightly rectified, but it did not match either of the other two predicted
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lines.

Network simulations To test whether the predictions based on the reduced phase mod-

els actually recovered the original network dynamics, we simulated the dynamics of N = 30

Brusselators coupled with some weak strength κ = −0.001. The results are shown in Fig. 3.2

(panels d, h). For both small- and large-amplitude oscillations, the analytic as well as the

numeric phase reduction techniques performed sufficiently well. Yet, the numeric phase re-

duction outperformed the analytic ones for large-amplitude oscillations. This holds equally

for the synchronization and the two-cluster regions. While both analytic techniques under-

estimated synchronization (smaller red area), the reductive perturbation approach slightly

overestimated the two-cluster region and the nonlinear transform approach underestimated

it. Finally, the network simulations revealed a large area where a three-cluster state is stable

for large-amplitude oscillations, Fig. 3.2 (panel h). By construction, none of the phase re-

duction techniques was able to detect this. More details about the numeric implementations

can be found in Appendix of 170.

3.1.4.2 Nonlinear coupling

The arguably more appealing problem is that of nonlinear coupling. To illustrate this we

add to the diffusive linear coupling an additional coupling term gsyn of the form

gsyn(xk,xj) = ĝ(xk)S(xj) for all k 6= j = 1, . . . , N,

which may resemble a chemical synapse, see also Section 3.3.5. The function S = (Sx, Sy)

is usually of sigmoidal shape, which we simplify as a polynomial of some degree n ∈ N –

this can be thought of as, e.g., a truncated Taylor expansion of a sigmoidal function. As a

particular example we choose the nonlinear coupling of the form[6]

g(xk,xj) = gdiff(xk,xj) + ĝ(xk)S(xj) =

(
xj − xk + g1x

2
j + g2xkxj + g3xkx

2
j + g4x

2
kxj

d(yj − yk)

)
(3.13)

with coupling parameter d as in the linear case above, and with new nonlinear coupling terms

scaled by gj ∈ R, j = 1, . . . , 4. Here we already realize that in the reductive perturbation

approach, the term g4x
2
kxj does not influence the resulting phase model as x2

kxj is a resonant

monomial.

Analytic phase reductions Equivalent to the case of linear coupling, we display the predic-

tions about synchronization in Fig. 3.3 and about two cluster states in Fig. 3.4. The fixed

[6] Expanding both ĝ = (gx, gy) and S = (Sx, Sy) as power series in xk = (xk, yk) and xj = (xj , yj),
respectively, we will consider in the following only non-zero x-components of the particular form

gx(xk) = 1 + a1xk + a2x
2
k +O3

(xk) and Sx(xj) = b1xj + b2x
2
j + b3x

3
j +O4

(xj) .

In order to obtain (3.13), we choose the non-vanishing coefficients

a1 = g2/g1, a2 = g4/g1, b1 = g1, b2 = g1g3/g2.
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coupling parameter values are

g1 = 0.3, g2 = −0.2, g3 = 0.35, g4 = 0.3

while d is varied in the interval [0, 1] as before.

Again, the analytic predictions of network states for small-amplitude oscillations are

roughly identical. However, for large-amplitude oscillations the differences between the two

analytic techniques appear more drastic as compared to the linear coupling case. The syn-

chronization region is enlarged following the nonlinear transform approach and by the same

token the two cluster state region shrinks, consisting of an almost parallel stripe on the left

and of a second, small triangular region in the top right corner of the a − d plane. On

the other hand, the boundaries predicted by the reductive perturbation method hardly vary

when increasing the radius R of the limit cycle.

a) b) c)

d) e) f)
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Figure 3.3: Stability of the globally synchronized state of the network of nonlinearly coupled Brusse-
lators is determined through the phase interaction function H. If sgn(κ)H′(0) > 0, the synchronized
state is stable, otherwise unstable. In line with the subsequent analysis, we use κ < 0 and show
−H′(0) color coded in the a − d plane for (a-c) small-amplitude oscillations, R = 0.1, i.e. near the
Hopf bifurcation point, and for (d-f) large-amplitude oscillations, R = 0.4, further away from the
Hopf point. A change of stability occurs at H′(0) = 0 (green), between positive (red) and negative
(blue) areas. The phase interaction function is reduced via (a,d) Kuramoto’s reductive perturbation
approach, (b,e) Poincaré’s nonlinear transform approach, and (c,f) the direct numerical method.

Numerical phase reductions As in the linear coupling case we used the numerical phase re-

duction technique to determine the stability boundaries of the synchronized and two cluster

states. The results are depicted in Fig. 3.3 (panels c, f) and Fig. 3.4 (panels c, g). Remark-

ably, the predictions for small-amplitude oscillations and close to the Hopf bifurcation point

agreed with those of the analytic reduction techniques. For the large-amplitude oscillations,

the predictions of the numerically reduced phase model rather wend in the direction as pro-

posed by the nonlinear transform approach: The synchronization regions grows, the two

cluster region shrinks. Strikingly, the triangular region in the top right corner has almost

fully disappeared.
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Figure 3.4: Stable globally synchronized states (red) and stable balanced two-cluster states (blue) of
the network of nonlinearly coupled Brusselators in the a−d plane for (a-d) small-amplitude, and for
(e-h) large-amplitude oscillations with R = 0.1 and R = 0.4, respectively. The (negative) coupling
strength is set at κ = −0.001. Results are obtained via (a,e) Kuramoto’s reductive perturbation
approach, (b,f) Poincaré’s nonlinear transform approach, and (c,g) the direct numerical method,
and compared against (d,h) simulations of the full network of N = 30 weakly coupled Brusselators.
In the full network, also stable three-cluster states occurred (green).

Network simulations As before, we simulated the dynamics of N = 30 weakly coupled

(κ = −0.001) Brusselators but now employing the nonlinear coupling scheme. The results

are depicted in Fig. 3.4 (panels d, h). We believe that they speak for themselves as the reading

agrees with the results for the case of linear coupling. Again, we refer to the Appendix 170

for more details about the numerical implementation.

3.1.5 Other analytic phase reduction techniques

3.1.5.1 Isochrons, Floquet eigenvectors, and SN × S1-symmetry

The first alternative analytic phase reduction techniques comprise of Winfree’s reduction via

isochrons, Kuramoto’s reduction via Floquet eigenvectors and Ashwin & Rodrigues’ reduction

via SN × S1-symmetry. As we explained in Section 2.2.3 all these techniques will result in

the same reduced phase model despite their different methodical background. Hence, there

is no need to discuss this further.

3.1.5.2 Haken’s reduction via averaging

When introducing polar coordinates xk = (xk, yk) =
(
Rk cos(Ωt+φk), Rk sin(Ωt+φk)

)
with

Ω = Im
(
λ1(0)

)
, one can realize that the right-hand side of (3.7) is of order O(Rk). Assuming

that 0 ≤ µ � 1, i.e. close to the Hopf bifurcation, the amplitude Rk � 1 is small and we

may consider to apply Haken’s averaging to (3.7) as outlined in Section 2.2.7. For simplicity,

we approximate all nonlinear terms in (3.7) by the corresponding expressions at the Hopf

point, µ = 0, that is, one can use T (0),N1(x; 0),N2(x; 0). In that case, averaging over one
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period T = 2π/Ω will result in the approximate phase and amplitude dynamics

φ̇k = 1 +
a

8(1 + a2)
R2
k +O(κ)

Ṙk = Rk

[
−a+ µ− 3a2

8(1 + a2)
R2
k

]
+O(κ) ,

where O(κ) denotes the coupling terms. However, the uncoupled dynamics of the phase

deviations φk is too large for slight deviations from the offset frequency at the Hopf point.

Moreover, the amplitude dynamics Rk does not exhibit a non-trivial fixed point solution

unless 0 < a ≤ µ � 1 is very small, which stands in clear contrast to the well-established

supercritical Hopf bifurcation character of the Brusselator. That is, in the current setting,

this kind of averaging may yield spurious results and we will not proceed along these lines.

3.1.6 Summary & remarks

To summarize, we analyzed the collective dynamics of a network of weakly coupled Brus-

selators with respect to (stable) synchronized, incoherent, and balanced two-cluster states.

Numerical reduction techniques are perfectly able to detect the correct dynamical regimes

as revealed by full network simulations. Analytic reduction techniques, by contrast, capture

the actual collective dynamics only in a close neighborhood to the Hopf bifurcation point.

This holds across linear and nonlinear coupling schemes. For illustration, we fixed the pa-

rameter value a = 2.55 and investigated numerically the resulting phase model in terms of

the frequency term and the Fourier coefficients of first and second harmonics of the reduced

phase interaction function H.

For linear coupling and close to the Hopf bifurcation point, the analytic reduction tech-

niques do not only capture the correct collective dynamics, but they also provide the same

order of amplitudes as obtained by numeric methods, see Table 3.1. Away from the Hopf

point, the reduction techniques still perform considerably well, but slightly incorrect esti-

mations of the first and second harmonics result in different predictions: according to the

reductive perturbation approach a too strong second harmonic forces the phase dynamics

into an incoherent state, whereas both the nonlinear transform approach and the numerical

reduction correctly capture synchronization of the network, cf. Fig. 3.2 and Table 3.2.

Nonlinear coupling, by contrast, affects the performance more drastically. For small-

amplitude oscillations, the differences in sign of the b2 values in Table 3.3 may be due

to numerical artifacts, so that the (wrongly) predicted incoherent state by the nonlinear

transform approach has to be taken with care in contrast to the correct prediction of a

stable two-cluster state by the reductive perturbation approach and the numerical reduction.

For large-amplitude oscillation, however, the phase reduction techniques diverge as shown

in Fig. 3.4. Since the nonlinear transform approach respects the parameter-dependence in

the normal form reduction, it outperforms the reductive perturbation approach and largely

retrieves the results of the numeric reduction technique, see Table 3.4, where the amplitudes

of first and second harmonics agree.
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Table 3.1: Phase models derived with different reduction techniques for linear coupling and near the
Hopf bifurcation, µ = 0.0417. The oscillators’ natural frequency is ω, and an, bn are the amplitudes
of the Fourier components of the phase interaction function H. Symbols +/− denote the sign of each
amplitude. Their quantity corresponds to their influence on the dynamics, with +++ representing
dominant contributions of order O(1), while 0+/− corresponds to amplitudes ≤ 10−3. Parameters
are (a, d) = (2.55, 0.65). Exact numerical values can be found in the Appendix170.

Approach ω a1 b1 a2 b2

Reductive perturbation 2.537 −−− + 0+ 0−

Nonlinear transform 2.524 −−− + + −
Direct averaging × × × × ×
Numerical/adjoint 2.474 ++ + 0− 0−

Table 3.2: Phase models derived with different reduction techniques for linear coupling and away
from the Hopf bifurcation, µ = 0.1670. The notation is the same as in Table 3.1. Parameters are
(a, d) = (2.55, 0.65).

Approach ω a1 b1 a2 b2

Reductive perturbation 2.348 −−− + ++ −−
Nonlinear transform 1.832 −−− ++ ++ −−
Direct averaging × × × × ×
Numerical/adjoint 2.671 + + + ++ − −

Table 3.3: Phase models derived with different reduction techniques for nonlinear coupling and
near the Hopf bifurcation, µ = 0.0417. The notation is the same as in Table 3.1 Parameters are
(a, d) = (2.55, 0.75).

Approach ω a1 b1 a2 b2

Reductive perturbation 2.537 −−− −− 0+ 0+

Nonlinear transform 2.524 −−− −− + 0−

Direct averaging × × × × ×
Numerical/adjoint 2.474 ++ − 0− 0+

To conclude the example of coupled Brusselators, we can add that phase reduction tech-

niques are, in general, capable of predicting the collective dynamics of weakly coupled net-

works by identifying the properties of the phase interaction function. We would like to point

out, however, that nonlinear coupling terms strongly limit the applicability of analytic re-

duction techniques to a close vicinity of the Hopf bifurcation point. As nonlinear coupling

can be an important and often non-negligible ingredient in realistic network models, we will

focus more on this in the next section.
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Table 3.4: Phase models derived with different reduction techniques for nonlinear coupling and
away from the Hopf bifurcation, µ = 0.1670. The notation is the same as in Table 3.1 Parameters
are (a, d) = (2.55, 0.75).

Approach ω a1 b1 a2 b2

Reductive perturbation 2.345 −−− −− + 0+

Nonlinear transform 1.832 −−− ++ ++ −
Direct averaging × × × × ×
Numerical/adjoint 2.671 + + + ++ − −
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3.2 Networks of identical Wilson-Cowan neural masses

As a second example we use the seminal Wilson-Cowan neural mass model as a representative

example for a smooth neural oscillator[7]. In their pioneering work69,70 Wilson and Cowan

derived a neural population model that comprises Ne excitatory and Ni inhibitory neurons.

Denoting by en/in the firing rate of a single excitatory/inhibitory neuron, the respective

mean firing rates can be given by the averages E = (1/Ne)
∑Ne
n=1 en and I = (1/Ni)

∑Ni
n=1 in.

Every neuron receives inputs from all other neurons within the population and every excita-

tory neuron receives an external input pn, whose average is given by P = (1/Ne)
∑Ne
n=1 pn.

Once the sum of all inputs exceeds a certain threshold θn, a neuron elicits a spike. For a

particular distribution of threshold values across the population, one can assign a sigmoidal

activation function[8] S to the population dynamics69. Alternatively, the introduction of

S can be motivated starting from a single neuron level and along an ergodicity argument,

as the time average of individual, saturating firing rates equals the population average171.

Without loss of generality, we choose S [x] = 1/(1 + e−x) and denote the population-specific

threshold values by ΘE and ΘI for the excitatory and inhibitory part, respectively. Then

the coarse-grained dynamics of the mean firing rates of a neural population obeys the form

µEĖ = −E(t) + [1− rEE] S [aE (cEEE − cIEI −ΘE + P )] ,

µI İ = −I(t) + [1− rII] S [aI (cEIE(t)− cIII −ΘI)] .
(3.14)

The coupling parameters ckj with k, j ∈ {E, I}, indicate the strength of interaction between

the different parts within the population, and aE , aI define the slopes of the transfer function

S. The terms [1− rEE] and [1− rII] represent the refractory dynamics of the excitatory and

inhibitory subpopulations, respectively. They track the period of time during which the cor-

responding cells are incapable of being stimulated after an activation. In our considerations,

we will neglect this term and set rE = rI = 0, thereby following Pinto and co-workers172, who

showed that the terms effectively rescale the parameters of the nonlinear transfer function

S. For the sake of simplicity, we further consider the time scales µE = µI = 1. Depending

on the choice of parameters, this model can exhibit rich dynamics such as self-sustained

oscillations and multi-stability, see e.g., 69,78,79. Here, we restrict the parameter values to the

dynamical regime in which every population (E, I) displays stable limit cycle oscillations.

To build a cortical network model, we connect N different populations of excitatory and

inhibitory neurons (Ek, Ik), k = 1, . . . , N , via their excitatory parts41,42,67; see Fig. 3.5 for

illustration.

[7] By smooth we refer to the smooth limit-cycle trajectory in the two-dimensional coordinate plane as
in case of the Wilson-Cowan model. By contrast, integrate-and-fire models present an example for
non-smooth neural oscillators, as the reset mechanism leads to discontinuities along the trajectory.

[8] Other names for the activation function S are transfer function or gain function.
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Ek Ej

Ik I j

cEE cEE

cII cII

Cjk

Ckj

cEI cIE cEI cIE

Pk Pj

Figure 3.5: Network of two coupled Wilson-
Cowan neural masses. Each neural popu-
lation k contains excitatory and inhibitory
units (Ek and Ik), which are internally cou-
pled with strengths cij , i, j ∈ {E, I}. More-
over, the population receives an external in-
put Pk. Interaction between two neural
masses k, j occurs via their respective excita-
tory parts only, where Ckj denotes the con-
nectivity whether node k receives input from
node j.

Taken together the dynamics at node k becomes

Ėk = −Ek + S

[
aE

(
cEEEk − cIEIk −ΘE + Pk +

κ

N

N∑
j=1

CkjEj

)]
İk = −Ik + S [aI (cEIEk − cIIIk −ΘI)] .

(3.15)

Here, 0 ≤ κ � 1 denotes the overall coupling strength and C = {Ckj}k,j is an adjacency

matrix that indicates structural connectivity between two cortical regions k and j. The

population specific average input Pk of the respective excitatory subpopulations may differ

across the different cortical regions.

3.2.1 Single node dynamics

As for the Brusselator model, first we briefly discuss the dynamics of a single unit using

dynamics (3.15) without coupling, κ = 0. Following41,42, we fix several parameters to

physiologically motivated values

aE = 1.2, aI = 2, cEE = cEI = 10, cIE = 6, cII = 1, ΘE = 2.5, ΘI = 3.5 , (3.16)

unless stated otherwise. Furthermore, we consider Pk to represent external inputs. Taking

Pk as the bifurcation parameter results in the bifurcation diagram depicted in Fig. 3.6[9].

3.2.2 Coupled Wilson-Cowan neural masses

We are interested in the dynamics of a network of coupled Wilson-Cowan neural masses of

the form (3.15). The interplay between the excitatory and inhibitory parts of a single unit is

governed by the coupling topology sketched in Fig. 3.5. By reason of appropriate rescaling,

we couple distinct neural masses only via their excitatory parts, where the adjacency matrix

[9] Despite the lack of symmetry, one can realize the resemblance with Hoppensteadt and Izhikevich’s

bifurcation diagram Fig. 2.12, 78 with ΘE,I as key parameters, as well as with the derivation by Borisyuk

and Kirillov79, who used P = Pk and c3 = cEI as key parameters.
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Figure 3.6: Bifurcation diagram of the uncoupled Wilson-Cowan model (3.15) with respect to the
bifurcation parameter Pk. By increasing Pk, one can find four qualitatively different dynamical
regimes possible; see inlets – filled/empty dots: stable/unstable fixed points, red: stable limit cycle.
A saddle-node (SN) bifurcation at Pk ≈ −0.3937 initiates bistability of two stable fixed-points. The
stable fixed point emerging from the SN bifurcation undergoes a supercritical Hopf bifurcation (HB)
at Pk ≈ −0.3663, while the saddle point coincides with the other stable fixed point and disappears
in another SN bifurcation at Pk ≈ −0.2914. Up to the SN bifurcation at Pk ≈ 1.3272 away from
the stable limit-cycle. The latter is the unique attractor of the dynamics. The collision of the saddle
point with the limit-cycle in a homoclinic bifurcation (HC) at Pk ≈ 1.3648 terminates the oscillatory
regime. BT - Bogdanov-Takens point, CP - cusp point, SNL - saddle-node loop bifurcation, SNIC -
saddle node on invariant cycle bifurcation.

C = Ckj defines structural links between the different neural masses. While the coupling

term in (3.15) of interconnected neural masses appears natural when compared to the internal

coupling structure of a single neural mass, it deserves some discussion.

In Wilson and Cowan’s original work69, the sigmoid function was constructed in such a

way that in the absence of external influences the baseline activity state (Ek, Ik) = (0, 0) is

a fixed point. In our formulation, however, the sigmoid function takes on a slightly different

form and a zero fixed point solution is no longer feasible. Hence, external perturbations

through mutual interaction have a non-trivial impact: If we assume that all neural masses

reside in a stationary state with mean (excitatory) firing rate E0
k > 0 in the absence of

coupling, then as soon as we increase the coupling strength, κ > 0, all neural masses will

experience a sudden perturbation of strength κ
∑
j CkjEj > 0 even if they are all identical.

Not the presumably small relative distance Ej−E0
j to the fixed point, but its absolute value

Ej drives the network dynamics. For this reason, we propose a direct coupling in form of

κ

N

N∑
j=1

CkjEj 7−→ κ

N

N∑
j=1

Ckj
(
Ej − E0

j

)
, (3.17)

where E0
j is the unstable fixed point solution of neural mass (Ej , Ij) in the absence of

coupling. In general, E0
j = E0

j (Pj) depends on the heterogeneous input Pj = PH + µ. Here,

PH denotes the value of external input at the supercritical Hopf bifurcation, cf. Fig. 3.6.

When expanding E0
j (PH + µ) around PH , the coupling term (3.17) reduces to

κ

N

N∑
j=1

Ckj
(
Ej − E0

j (PH)
)

+O(κµ) . (3.18)
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Consequently, the coupling term in the subsequently transformed dynamics (3.20) - (3.22)

obtains the form

κ

N

N∑
j=1

Ckj
(
xj + E0

j

)
7−→ κ

N

N∑
j=1

Ckjxj . (3.19)

3.2.3 Identifying the Hopf normal form

The type of bifurcation leading to limit-cycle oscillations usually manifests in the eigenspec-

trum of the linearized dynamics. In the case of a Hopf bifurcation, stable oscillations emerge

around an unstable fixed point. We therefore expect that for an uncoupled (Ek, Ik)-node the

Jacobian of the Wilson-Cowan dynamics (3.15) evaluated at the unstable fixed point (E0
k, I

0
k)

has a pair of complex conjugate eigenvalues with negative real part, which corresponds to

the distance µ := Pk − PH to the Hopf bifurcation point. By changing the parameter Pk,

both the position (and size and shape) of the limit cycle as well as the position of the fixed

point change, that is, (E0
k, I

0
k) = (E0

k(µ), I0
k(µ)).

It is advantageous to express the dynamics in terms of the deviations xk = Ek − E0
k =

Ek −E0
k(µ) and yk = Ik − I0

k = Ik − I0
k(µ) around the unstable fixed points. Effectively, we

shift the fixed point undergoing the Hopf bifurcation to the origin in phase and parameter

space. The corresponding transformed system exhibits stable limit cycle behavior with

identical phase and amplitude properties as the original system. It reads

ẋk = −
(
xk + E0

k(µ)
)

+ S
[
ax
(
c1
(
xk + E0

k(µ)
)
− c2

(
yk + I0

k(µ)
)
−Θx + µ+

κ

N

N∑
j=1

Cjk
(
xj + E0

j (µ)
) )]

ẏk = −
(
yk + I0

k(µ)
)

+ S
[
ay
(
c3
(
xk + E0

k(µ)
)
− c4

(
yk + I0

k(µ)
)
−Θy

)]
,

(3.20)

where we changed the notation of the parameters:

(aE , aI , cEE , cIE , cEI , cII ,ΘE ,ΘI) 7→ (ax, ay, c1, c2, c3, c4,Θx,Θy).

Since (E0
k(µ), I0

k(µ)) solves (3.20), one can simplify the transformed dynamics for weak cou-

pling 0 ≤ κ � 1 and sufficiently small µ � 1 by Taylor expanding the sigmoid function S

around the fixed point:

ẋk = −xk +

∞∑
n=1

1

n!
S

(n) [χx,k] · anx
(
c1xk − c2yk +

κ

N

N∑
j=1

Cjk
(
xj + E0

j (µ)
) )n

ẏk = −yk +

∞∑
n=1

1

n!
S

(n) [χy,k] · any (c3xk − c4yk)n .

(3.21)

In (3.21) we abbreviated

χx,k = χx,k(µ) = ax
(
c1E

0
k(µ)− c2I0

k(µ)−Θx + µ
)

χy,k = χy,k(µ) = ay
(
c3E

0
k(µ)− c4I0

k(µ)−Θy

)
.
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and S(n) refers to the n-th derivative of S. Unfortunately, the sigmoidal shape of the original

dynamics (3.15) does not allow for a simplified form of (E0
k(µ), I0

k(µ)) in µ, but one can find

numerically a polynomial fit

E0
k(µ) = E0

k(PH) + µϑE +O2(µ)

I0
k(µ) = I0

k(PH) + µϑI +O2(µ) ,

where (E0
k(PH), I0

k(PH)) denotes the fixed point at the Hopf bifurcation. At this point,

which corresponds to (xk, yk) = 0, the Jacobian of the dynamics (3.15) or (3.20) has purely

complex eigenvalues ±iω0.

To simplify the dynamics, we discard higher-order terms in µ and κ and write

ẋk = −xk +

∞∑
n=1

1

n!

(
S

(n) [χx] + µS(n+1) [χx] ax (c1ϑE − c2ϑI + 1)
)
· anx (c1xk − c2yk)n

+ κ

∞∑
m=0

1

m!
S

(m+1) [χx] · am+1
x (c1xk − c2yk)m ·

N∑
j=1

Cjk
N

(xj + Ej(0))

+O2(µ) +O2(κ) +O(κµ)

ẏk = −yk +

∞∑
n=1

1

n!

(
S

(n) [χy] + µS(n+1) [χy] ay (c3ϑE − c4ϑI)
)
· any (c3xk − c4yk)n

+O2(µ) ,

(3.22)

where χx = χx,k(µ = 0) and χy = χy,k(µ = 0).

Before continuing with simplifying the dynamics, we would like to add that in the limit of

weak coupling, only monomials of the form xaky
b
kx

c
j with c = 0 or c = 1 appear in the coupling

term for the k-th neural mass. That is, the coupling effect from another neural mass j is at

most linear and of order O(xj). Still, the mixed terms xaky
b
kx
c
j can lead to nonlinear coupling

effects. One may ask: When do these nonlinear coupling effects invoke non-negligible phase-

amplitude interactions? Or, put differently: What is the upper boundary for the weak

coupling approximation? To the best of our knowledge, as of yet there is no general answer

to this question. Stronger coupling, or strong perturbations, induce amplitude effects. But at

which critical value of κ these amplitude modulations fail to admit a unique phase description

of the single units, remains an open problem. Strikingly, the critical value is exceeded by

far when oscillatory states lose stability and eventually cease to exist. Such a scenario has

been coined amplitude death, which has attracted much attention in the literature. Analytic

results about such coupling induced effects are limited to very small network sizes of a few

coupled oscillators, see also Appendix 3.3.5.1 for an illustration of oscillation death and its

somehow connected counterpart, oscillation birth. For larger network sizes amplitude death

states elude analytical tractability, but their occurence in networks of coupled oscillators is

reported in numerical studies173–177.

Considering from now on only weak coupling, we next incorporate the coupling form (3.18)

in (3.22) and subsequently truncate the Taylor expansion after third order. Introducing the
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abbreviations

Sxn =
1

n!
S(n) [χx,k] anx and Syn =

1

n!
S(n) [χy,k] any ,

we can write the dynamics (3.21) as

ẋk = f1(xk, yk) + κgk(X) +O2(κ) ,

ẏk = f2(xk, yk) ,
(3.23)

where for X = (x1, . . . ,xN ) and xk = (xk, yk) the functions f = (f1, f2) and gk are defined

in the following way:

f1(x, y) = −x+ Sx1(c1x− c2y) + Sx2(c21x
2 − 2c1c2xy + c22y

2) + Sx3(c1x− c2y)3 ,

f2(x, y) = −y + Sy1(c3x− c4y) + Sy2(c23x
2 − 2c3c4xy + c24y

2) + Sy3(c3x− c4y)3 ,

gk(X) = Sx1xk + 2Sx2(c1xk − c2yk)xk + 3Sx3(c1xk − c2yk)2xk .

(3.24)

The bar · k denotes the (weighted) average, xk = 1
N

∑N
j=1 Cjkxj . More concisely, we have

for weak non-diffusive coupling between two Wilson-Cowan nodes x = (x, y) and x̃ = (x̃, ỹ)

ẋ = Jx+ f (x;µ) + κ g (x, x̃) , (3.25)

with

f(x;µ)=N1

x
2

xy

y2

+N2


x3

x2y

xy2

y3

 and

g(x, x̃;µ)=

G1 +G2

(
x 0

y 0

)
+G3

x
2 0

xy 0

y2 0


(x̃

ỹ

)
.

In these expression we abbreviated the matrices

J =

(
−1 + Sx1c1 −Sx1c2

Sy1c3 −1− Sy1c4

)
N1 =

(
Sx2c

2
1 −2Sx2c1c2 Sx2c

2
2

Sy2c
2
3 −2Sy2c3c4 Sy2c

2
4

)

N2 =

(
Sx3c

3
1 −3Sx3c

2
1c2 3Sx3c1c

2
2 −Sx3c

3
2

Sy3c
3
3 −3Sy3c

2
3c4 3Sy3c3c

2
4 −Sy3c

3
4

)

G1 = Sx1

(
1 0

0 0

)
G2 = 2Sx2

(
c1 −c2
0 0

)
G3 = 3Sx3

(
c21 −2c1c2 c22

0 0 0

)
.

Similiar to the Brusselator model, also here the Jacobian J = J(µ) is not in Jordan real

form. Using the eigenvectors corresponding to J ’s eigenvalues λ(µ) = %(µ) ± iω(µ) with
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ω(0) = ω0, we can transform

L = T−1JT =

(
% −ω
ω %

)
. (3.26)

Finally, we can rewrite (3.25) as

ẋ = Lx+ T−1f (Tx;µ) + κT−1g (Tx,T x̃) , (3.27)

The dynamics (3.27) exhibits qualitatively the same behavior as (3.25), but due to the Jordan

real form the circular symmetry of the limit cycle is now induced on the full dynamics.

The connection between analytic phase reduction techniques While Kuramoto’s reductive

perturbation does not require this last transformation and can be applied to (3.25), the

dynamics in Jordan real form (3.27) are necessary for Taken’s reduction via Lie brackets.

For Poincaré’s reduction via nonlinear transforms we have to reformulate the dynamics

further, now in terms of a single complex variable z ∈ C via the transformation

x = zu(µ) + z̄ū(µ) , (3.28)

with u(µ) being the right eigenvector of the Jacobian J(µ) corresponding to the eigenvalue

λ(µ). (3.28) establishes a linear relation between x and the real and imaginary part of

z = zR + izI . In particular, (zR, zI) are the coordinates of x in the (real) eigenbasis of

J(µ) composed by {2Re (u(µ)) ,−2Im (u(µ))}, that is, we recover the same transformation

of J(µ) into its canonical Jordan real form as in (3.26).

3.2.4 Haken’s reduction via averaging

In contrast to the Brusselator model discussed in Section 3.1, our version of the Wilson-

Cowan dynamics (3.27) in Jordan real form allows a meaningful reduction along Haken’s

averaging approximation even without a transformation into Hopf normal form. Hence we

discuss it first. We can insert the ansatz xk = (xk, yk) = (Rk cos(Ωt+ φk), Rk sin(Ωt+ φk))

into (3.27), where Rk, φk are amplitude and phase (deviations) of the oscillations at node k,

which are slowly varying with respect to the (mean) frequency Ω defined via the eigenvalues

at the Hopf point, Ω = ω(0). Near the onset of oscillations through a supercritical Hopf

bifurcation, Rk � 1 is small and, thus, the right-hand side of (3.27) is at least of orderO(Rk).

Given the slower time scales of Rk and φk, one can average over one cycle T = 2π/Ω. In

line with67, this direct averaging of the dynamics (3.27) yields the phase model

φ̇k = ωk +

N∑
j=1

Dkj sin(φj − φk + ∆kj) (3.29)
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with

Dkj =
κ

2N
Sx1ΛkCkj

Rj
Rk

and ∆kj = arctan(ρk)− Ωτkj

where Λ2
k = 1 + ρ2

k and ρk = $−1
k (Sx1c1 + Sy1c4). Note that we here included time delays

τkj between nodes xk and xj , within the coupling function gx, that is, gx = gx(xk,xj) =

gx(xk(t),xj(t − τkj)), as discussed in more detail in Appendix 3.3.4.2. Note also that

since Sx1, Sy1, c1, c4, $k ≥ 0, we have ρk ≥ 0. In the absence of delay, that is, for τ =

(τk1, . . . , τkN ) and τkj = τ = 0, we have ∆kj ∈ (0, π/2). On the other hand with delay

we have ∆kj ∈ (−π/2, π/2) because Ωτkj ∈ (0, π/2). In either case, (3.29) resembles the

Kuramoto-Sakaguchi model with phase lag |∆kj | ≤ π/2, so that a transition to full syn-

chronization occurs if the coupling strength κ exceeds a critical value κc = κc(δ), where δ

denotes the width of distribution of the natural frequency terms ωk. The natural frequency

ωk can be determined as

ωk = −Ω +$k (3.30)

at least to first order in Rk; here we used $2
k = detJ − (tr J)2/4 = Sx1Sy1c2c3 − (Sx1c1 +

Sy1c4)2/4. $k is the imaginary part of the right eigenvalue of J . Being near the Hopf

bifurcation, we can safely assume that $k ≈ Ω and ωk → 0. If the Wilson-Cowan dynamics

is fully symmetric, that is, in particular c1 = −c4, then ρk → 0, and we retrieve the actual

Kuramoto model in the absence of any delay.

The here-presented averaging of the Wilson-Cowan network dynamics results in a phase

dynamics (3.29), whose phase interaction function only consists of first harmonics. The

absence of higher harmonics hampers, e.g., clustering effects. This is in remarkable contrast

to the other phase models that have been derived from dynamics in Hopf normal form. The

main reason is that the Hopf normal form reduction induces circular symmetry also on the

coupling function gx, that is, the coupling terms are transformed such that only resonant

monomials survive. On the other hand, averaging considers the coupling terms as they are so

that all nonlinear coupling terms eventually average out at zero because the coupling in (3.27)

is only linear in x̃. Irrespective of this remark, however, the direct averaging along Haken’s

method stands out for its simplicity and its potential to be applied in a straightforward way.

Below, we will compare it against the other two analytic reduction techniques that build

on the by now well-known reduction into Hopf normal form prior to extracting the phase

dynamics.

3.2.5 Comparing analytic and numerical phase reductions

The ultimate goal of any of the phase reduction techniques introduced above is to sim-

plify the network dynamics of (weakly) coupled Wilson-Cowan neural masses in terms of a
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corresponding phase model (2.16),

θ̇k = ω +
κ

N

N∑
j=1

CkjH (θk − θj) .

For simplicity, we consider that all nodes are identical, in particular, they have the same

natural frequency ωk = ω, and that they are globally, or all-to-all, coupled with adjacency

matrix Ckj = 1 for all j 6= k. Note that the factor 1/N is for convenience and ensures that

the phase model is well-behaved in the limit N → ∞. Recall that the phase interaction

function H(ψ) admits a representation as a Fourier series (2.17),

H(ψ) =
∑
n≥0

an cos(nψ) + bn sin(nψ)

= a0 + a1 cos(ψ) + b1 sin(ψ) + a2 cos(2ψ) + b2 sin(2ψ) + . . . .

We illustrate the reduction to a phase model first close to the Hopf bifurcation, that is, for

small distances µ = Pk − PH . After that, we will treat the case of larger distances, i.e. fur-

ther away from the Hopf point. In both cases, we will compare the results of the analytic

techniques Kuramoto’s reductive perturbation, Poincaré’s reduction via nonlinear transforms

and Haken’s averaging – the latter here denoted as direct averaging. We also include the

results for numerical phase reduction techniques, where we complement the findings of the

adjoint method using XPPAUT with those of the direct method. Both reduction techniques

show consistent results, so that we will refer to them as one, here numerical/adjoint. The

subsequent section will be devoted to direct numerical assessment without exploiting the

Hopf normal form.

Near the Hopf point Applying the different reduction techniques in close vicinity of the

Hopf bifurcation point, we find resulting Fourier coefficients of the phase interaction function

H as summarized in Table 3.5. For typical parameter choices very near the Hopf bifurcation,

the four different reduction techniques correctly recover the natural frequencies as well as

the dominant first harmonics with a non-negligible and positive sinusoidal component.

Table 3.5: Phase models derived with different reduction techniques very close to the Hopf bifur-
cation (µ = 0.0013). The oscillators’ natural frequency is ω, and an, bn are the amplitudes of the
Fourier components of the phase interaction function H. Symbols +/− denote the sign of each
amplitude. Their quantity corresponds to their influence on the dynamics, with +++ represent-
ing dominant contributions of order O(1), while 0+/− corresponds to amplitudes ≤ 10−3. Exact
numerical values can be found in the Appendix170.

Approach ω a1 b1 a2 b2

Reductive perturbation 0.701 −−− + + + 0− 0+

Nonlinear transform 0.701 −−− + + + 0− 0+

Direct averaging 0.701 −−− ++ 0 0

Numerical/adjoint 0.701 −− + + + 0− 0+

http://www.math.pitt.edu/~bard/xpp/xpp.html
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Using the numerical and normal form reductions, the amplitudes of the second harmonics

turn out to be smaller of three orders of magnitude than the first harmonics. Therefore,

we here consider the different phase models qualitatively identical. Moreover, the closer we

choose the bifurcation parameter near the Hopf point, the more “accurate” becomes the

numerical method: the phase interaction function resembles a pure sine curve, whereas the

other analytic methods retain a dominant cosine component[10], cf. the Appendix170.

In a next step, we vary the parameter Pk and slightly increase the distance µ from the Hopf

bifurcation point. Fig. 3.7 illustrates how sensitive a phase reduction to minute parameter

changes is, note the smallness of µ. The slope of the phase interaction function at the

origin changes signs already close to the Hopf bifurcation point, which results in a different

dynamics of the reduced phase model. It is thus crucial for a meaningful phase reduction

to investigate the underlying model with respect to its bifurcation boundaries and to the

corresponding governing dynamical regime. Only by this one can avoid false conclusions

when linking the phase dynamics to the underlying model.

Away from the Hopf point There arises another highly intricate issue when choosing the

parameter Pk such that the dynamics is further away from the Hopf bifurcation point: the

different reduction techniques start to diverge from each other even more strongly, which is

shown in Table 3.6.

Table 3.6: Phase models derived with different reduction techniques away from the Hopf bifurcation,
µ = 0.1663. The notation is the same as in Table 3.5.

Approach ω a1 b1 a2 b2

Reductive perturbation 0.73 −−− + + + −− ++

Nonlinear transform 1.02 −− ++ − +

Direct averaging 1.33 −− ++ 0 0

Numerical/adjoint 0.94 −− −− − −

Remarkably, only the numerical method captures the change of slope of the phase inter-

action function H, whose derivative at ψ = 0 is dominated by b1 as has been illustrated

in Fig. 3.7. In line with the findings for the Brusselator, Section 3.1, we presume that

the numerical method provides the best approximation of the phase dynamics. Then, only

Poincaré’s reduction via nonlinear transforms recovers proper amplitudes of the first and

second harmonics, at least in terms of orders of magnitude. While Kuramoto’s reductive

perturbation overestimates the second harmonics, by construction Haken’s averaging does

not contain any higher harmonics; see the Appendix170 for exact numerical values. Strong

first harmonics of the phase interaction function H amplify the coupling and thus result

in faster (de-)synchronization, depending on the sign of the sinusoidal component. Second

[10]The Hopf normal forms obtained with the normal form reductions might be further transformed into
the topological Hopf normal form, see122. In this case, the phase interaction function H becomes purely
sinusoidal. However, this additionally requires a rescaling of time, after which a direct comparison with
the other methods appears more difficult. We refer to122 for more details of this laborious step.
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Figure 3.7: Phase interaction function: (a) Trajectory of the Wilson-Cowan dynamics in phase
space, (b,c) numerically determined phase sensitivity function as solutions to the adjoint problem,
(d) coupling term evaluated at the limit cycle, and (e) phase interaction function for different input
value parameters Pk ∈ (−0.366,−0.36). As shown in (a), the limit cycle solution of the underlying
(and uncoupled) Wilson-Cowan model changes its shape. Its amplitude grows monotonically. The
shape of the phase sensitivity function Z deviates from the initial shape, and higher harmonics
seem to occur; see panels (b) and (c) – we refer to the two-component phase sensitivity function
Z = (ZE , ZI) as adjoints, underlying the here-applied numerical reduction technique. The phase
interaction function H depends on both the phase sensitivity function and the coupling term and
absorbs their variation (e). At a particular parameter value Pk, the derivative of H at the origin,
H′(0), changes signs. While a network of identical and globally coupled units will fully synchronize
if H′(0) > 0, this state loses stability if H′(0) becomes negative. Hence, a small parameter change at
about Pk = −0.364 will cause qualitatively different network behavior – using XPPAUT, the change
from H′(0) > 0 to H′(0) < 0 already appears at Pk = −0.3658 and not at Pk = −0.364, which we
can confirm using the adjoint solver implemented in Matlab.

and higher harmonics, on the other hand, can play a crucial role for clustering. An over- or

underestimation of the amplitudes of higher harmonics can hence lead to erroneous multiple-

or one-cluster effects, respectively.

3.2.6 Numerical methods identify collective dynamics

The farther one moves away from the particular bifurcation boundary, the more the differ-

ently reduced phase models diverge. While the accuracy of analytic reduction techniques

scales with distance to the bifurcation point, numerical reduction techniques may not suf-

fer from this shortcoming and can capture the actual dynamics of the underlying high-

dimensional oscillator networks to great accuracy. Hlinka and Coombes investigated in this

way a network of identical Wilson-Cowan units with respect to its functional connectivity61.

They showed that the predictions based on the derivative of the numerically reduced phase

interaction function agreed almost perfectly with the synchronization properties of the orig-

inal network, cf. their Figures 6 and 7. However, they reported small parameter regions in

which their predictions did not match the actual dynamics. To recapitulate their results, we

http://www.math.pitt.edu/~bard/xpp/xpp.html
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analyzed the Wilson-Cowan model with a different set of parameters as used in61, for more

details see the Appendix170. In particular, we set ΘE +Pk 7→ Pk and ΘI 7→ Qk and consider

the inputs Pk and Qk to the excitatory and inhibitory parts of neural mass k as bifurcation

parameters. In Fig. 3.8, the colored region represents parameter values (Pk, Qk) at which

the Wilson-Cowan model exhibits self-sustained stable limit-cycle oscillations. This region

falls perfectly within the analytically determined Hopf bifurcation boundaries, see e.g., 78 for

a more detailed bifurcation analysis.
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Figure 3.8: Oscillatory regime of the Wilson-Cowan neural mass model using the same parameters
as in61. The color coding indicates the derivative of the phase interaction function H at ψ = 0
determining the stability of the fully synchronized solution: if H′(0) > 0 the fully synchronized
solution is stable, and unstable otherwise. In view of the results in Section 3.2.5, we used the
numerical/adjoint reduction method to generate this figure.

According to the reduced phase model, the network will synchronize close to the Hopf

bifurcation boundaries.[11] Hlinka and Coombes61 assessed the synchronization properties

of the original Wilson-Cowan model in terms of mean phase coherence and correlation.

With this they confirmed that the network dynamics followed the predictions about global

synchronization based on H ′(0). To show that higher harmonics of the phase interaction

function H capture cases in which the fully synchronized solution is no longer stable, we

zoomed in into the corresponding parameter region; see the inset in Fig. 3.8. The Hopf

bifurcation occurs at the lower boundary between oscillatory and stationary behavior, where

a positive value of H ′(0) predicts synchronized oscillations, irrespective of the other (even)

Fourier components. Moving upwards, i.e. increasing the parameter Qk, leads to a change

of signs, H ′(0) becomes negative and the fully synchronized state is no longer stable.

Considering only first and second harmonics, Kori and co-workers summarized possible

network states in95 where they stated that for positive coupling strength (i) the fully syn-

chronized solution (one-cluster state) is stable if b1 > 0 and b1 � |b2|, (ii) the incoherent

solution (anti-cluster state) is stable if b1 < 0 and b2 < 0 with |b1| � |b2|, and (iii) the (bal-

[11]This can be anticipated from the topological normal form of the supercritical Hopf bifurcation: The
corresponding phase sensitivity function H is purely sinusoidal with derivative H′(0) > 0. Thus, for
positive coupling the network will synchronize.
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anced) two-cluster state is stable if b1 < 0 and b2 > 0; see also Section 2.1.5.2. Analyzing

the numerically reduced phase interaction function with respect to the higher harmonics, we

find that all of the three possible states above should be realizable. When fixing Pk = −3

and using the direct numerical method, we find at Qk = −9.3 that b1 > 0, at Qk = −8.9

that b1 < 0 and b2 < 0, and at Qk = −8.7 that b1 < 0 and b2 > 0; for the exact numerical

values we refer to the Appendix170.

To verify our predictions, we simulated a network of N = 30 Wilson-Cowan models for

these parameter values and with global coupling strength κ = 0.15. The simulations dis-

played the predicted fully synchronized solution, an anti-cluster state, i.e. incoherence, and

a stable two-cluster state, respectively; see Fig. 3.9. Interestingly, the other phase reduc-

tion techniques did not only fail to predict the existence of two-cluster states, but they also

missed the change of stability of the fully synchronized solution; cf. Table 3.6.

Figure 3.9: Non-trivial network dynamics of N = 30 coupled Wilson-Cowan neural masses. The
different network states (a) global synchronization, (b) incoherence, and (c) a balanced two-cluster
state were predicted by the reduced phase model using the numerical/adjoint method. Displayed
are final (Tend = 1000 seconds) conditions (‘o’) on the uncoupled limit cycle (left column) and the
extracted phases (right) for the last 15 seconds. We fixed the coupling strength at κ = 0.15 and
the simulations started from uniformly distributed initial conditions along the uncoupled limit cycle.
Parameter values of (Pk, Qk) are (a) (−3,−9.3), (b) (−3,−8.9) and (c) (−3,−8.7).

3.2.7 Summary & remarks

All the different analytic normal form reductions have the same background, cf. Section 2.2.1.

Since all of them yield the same phase dynamics when starting from the same Hopf normal

form one may expect a perfect agreement between the different reduction techniques. This

is, however, only true when considering a normal form reduction accounting for the full

dependence on the bifurcation parameter µ. While Poincaré’s reduction via nonlinear trans-

forms respects the dependence on µ throughout every reduction step, the other two methods

neglect this accuracy by approximating nonlinear terms with the corresponding expressions

evaluated at µ = 0.
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There are striking differences between the reduced phase models already at reasonably

small distances µ � 1 from the Hopf bifurcation point. One may wonder whether reduced

phase models indeed describe the phase dynamics of oscillator networks. Needless to say

that not all techniques are appropriate to reduce the correct phase dynamics. Analytic

techniques have shortcomings unless parameters are considered in a direct vicinity of the

Hopf bifurcation. On the other hand numerical reduction techniques bear the potential

to accurately describe the respective phase dynamics so that predictions about the actual

network dynamics can be drawn from the reduced phase model.

3.3 Discussion

The reduction of a network of interacting oscillatory systems into a network of coupled phase

oscillators aims at simplifying the analysis of the collective, macroscopic network dynamics.

General oscillatory networks usually have a high-dimensional, nonlinear dynamics. As ex-

plained, by looking at the phase dynamics one drastically reduces this dimensionality while

keeping the option to infer (the stability of) collective network states. We will briefly discuss

low-dimensional collective behavior and particular network states of coupled oscillators in

Sections 3.3.1 and 3.3.2. Usefulness and strength of a model may be judged by its predictive

power. Quantifying this can be a challenge. Models are built on assumptions, which restrict

their applicability and range of use. Beyond this range, however, a model can lose its valid-

ity and the dynamics can significantly diverge from model predictions. All the listed phase

reductions techniques dwell on several assumptions. A first assumptions requires a certain

degree of homogeneity among the dynamics of the network’s nodes, see Sections 3.3.3. Then,

we considered only phase reductions for deterministic systems and without delay. In princi-

ple, reduction methods can be generalized to cope with noise and delay to some extent, see

Section 3.3.4. Another crucial assumptions is that most, if not all, of the phase reductions

rely on the theory of weakly coupled oscillators78: Every node of the original network has to

exhibit stable limit cycle oscillations without any coupling to other nodes. And, the coupling

strength has to be sufficiently weak so that amplitude effects can largely be neglected, that

is, each node’s dynamics remains close to the respective unperturbed limit cycle solution

while (and despite) interacting with other nodes. How the form and structure of coupling

between nodes can influence the collective behavior will be addressed in Section 3.3.5. The

collective dynamics do not only depend on the coupling between nodes, but also on the oscil-

latory nature of the nodal dynamics. Reducing a meaningful phase model can thus become

intricate for nonlinear, or even non-smooth oscillators (Section 3.3.6). More recently, several

phase reduction techniques have been refined and extended so that the assumptions inherent

to the theory of weakly coupled oscillators might be loosened, at least to a certain degree.

This also brings up the topic of phase-amplitude reductions, see Section 3.3.7. Although we

only touch on this important subject, needless to say that also here a compromise between

analytic and numerical reduction methods has to be found, as we conclude in Section 3.3.8.
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3.3.1 Low-dimensional description of network behavior

A major advantage of coupled phase oscillator models is that they typically give rise to only

a few macroscopic variables, which in addition often allow for an intuitive interpretation178,

as, e.g., the Kuramoto order parameter. Following the Watanabe-Strogatz theory80, it is

possible to derive the exact time evolution of three collective variables for a network of at least

three identical and globally coupled phase oscillators. In a similar spirit, one can describe the

time-asymptotic dynamics of a complex order parameter of a network (of infinitely many

phase oscillators on a low-dimensional) on the so-called Ott-Antonsen manifold81,82. In

both cases, the main restriction is that the phase interaction function must only contain

first harmonics, but no higher harmonics. Both approaches are indeed strongly related178.

Given its simplicity, the Ott-Antonsen theory is more popular and widely applied. The

dimensionality of the resulting order parameter dynamics is the lowest possible to create

a proper picture of the network behavior179. However, to apply the Ott-Antonsen theory

comes at a price. First, the number of oscillators has to tend to the continuum limit. Second,

the natural frequency terms have to follow an analytic distribution function with finite width,

such as Gaussian or Lorentzian distributions. That is, the oscillators must not be identical.

Although there are approaches to identify correction terms to the Ott-Antonsen manifold

in case of finite-sized networks, at least for the subcritical (asynchronous) regime180–184,

our own preliminary simulations show clear divergences from the manifold when decreasing

the network size below N = 200 coupled nodes. The assumption on the frequency terms,

however, can somehow be loosened in the limit of “nearly identical” oscillators, and when

initial conditions are selected properly179. For particular connectivity structures, this opens

the possibility for chimera states to emerge; see the recent and extensive review185 for more

details.

3.3.2 Cluster states

Closely linked to chimera states is the emergence of stable cluster states. While network syn-

chronization of coupled oscillators is commonly referred to as single-cluster states, i.e. the

stationary probability distribution function of the oscillators’ properties is unimodal, in gen-

eral also (multi-)cluster states, or states of generalized synchrony, can exist and become

attractors of the macroscopic dynamics, see for an overview e.g., 186. Two main ingredients

for cluster states are particular connectivity structures and/or higher harmonics in the phase

interaction function. As to the latter see Section 2.1.5.2 and we also refer to the compre-

hensive Fig. 14 in89. Clustering in neural networks irrespective of a particular underlying

clustered connectivity has been investigated in different neural population models, ranging

from all-to-all coupled Hodgkin-Huxley-like microscopic dynamics187 to more macroscopic,

biological networks188. Another important ingredient to generate cluster states appears to

be delay-coupling in neural networks189 or neural masses44. As such it is not surprising that

the same clustering effect through delay has also been found for networks of pulse-coupled

oscillators190–192. For the Wilson-Cowan model we will discuss the (clustering) effects of

time delays in more detail in Section 3.3.4.2. Clustering has been rigorously manifested
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and numerically explored in globally coupled phase oscillator models, see e.g., 89,93,94,193–195,

where often symmetry aspects determine stability of cluster states. The theory of weakly

coupled oscillators allows for translating appropriate conditions for cluster states into the

framework of nonlinearly coupled Stuart-Landau oscillators141.

A thorough analysis of clustering behavior in globally coupled heterogeneous Stuart-

Landau oscillators can be found in196. Stuart-Landau oscillators have the advantage that

the dynamics is generic for coupled dynamical systems near a Hopf bifurcation, such that

the actual dimension of the dynamics can drastically be reduced and theoretical results can

readily be applied in order to predict cluster states95: it is due to higher harmonics in the

phase interaction function H that clustering behavior occurs. It is noteworthy that clus-

ter states can naturally appear and are attracting if the coupling is either non-pairwise,

i.e. the interaction is between more than two oscillators141, and/or is nonlinear, which au-

tomatically yields higher harmonics in the phase interaction function95,141. Interestingly,

cluster states can become macroscopic attractors already for linear coupling196. However,

a reasonably large shift between frequency parameters is required here, so that the network

of Stuart-Landau oscillators must be sufficiently heterogeneous. That, in turn, prohibits

an immediate application of the theory of weakly coupled oscillators, where the frequency

mismatch of the oscillators has to tend to zero.

3.3.3 Identical versus heterogeneous oscillators

As our main focus lies on an accurate phase description of networks of interacting oscillators,

it appears legitimate to oversimplifyingly assume that the coupled nonlinear oscillators are

(almost) identical. This simplification has two advantages: First, it facilitates the derivation

of the phase model insofar as it is sufficient to consider the phase dynamics of only two

coupled neural oscillators. Second, it allows to predict the network behavior of the reduced

phase model based solely on the phase interaction function. The assumption of identical

nodes is, however, inaccurate. This is in particular the case when modeling realistic networks

of biophysiological, chemical, or neuronal oscillators. Given for instance the immense number

of neurons in the human brain together with the fact that no two neurons are identical,

modeling two neural oscillators as nearly identical is far from realistic. Nonetheless, different

brain regions may share similar properties concerning their collective dynamics, so that a

network of (more or less) identical neural masses still appears an acceptable candidate for a

brain network model.

Approaches to determine the stability of synchronized network or cluster states along the

master stability function formalism or via symmetry arguments rely on coupled identical

oscillators, cf. Section 2.1.5. To some extent, though, some extensions of the methods above

have been proposed in order to deal with (small) heterogeneity among oscillators, see, e.g.,

an extended master stability function approach for nearly identical systems197–199. It is also

true that the theory on phase reductions, as presented in Sections 2.2 – 2.3, holds for hetero-

geneous oscillators as long as their frequencies are ε-close such that small heterogeneities can

be subsumed under the coupling terms, see e.g., 89. Practical application, nevertheless, be-
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comes more cumbersome, in particular for the numerical reduction methods, when the phase

dynamics has to be retrieved for each oscillator individually. Still, another option could be

that the heterogeneity only affects the natural frequency terms, but leaves the phase interac-

tion terms identical. This scenario, although again it is hardly plausible, allows to treat the

resulting phase oscillator network in terms of heterogeneous Kuramoto-like coupled oscilla-

tors. Under a certain form of heterogeneity, that is, given some analytic distribution of the

natural frequencies, and in the limit of infinitely many oscillators, the theories mentioned in

Section 3.3.1 allow to describe the macroscopic behavior of the network on a low-dimensional

manifold.

3.3.4 Extended analytic phase reduction techniques

Throughout the outline of the different phase reduction techniques, we skipped an intricate

feature of realistic oscillatory networks: the self-sustained limit cycle dynamics can also be

subject to noisy and time-dependent perturbations, or to time-delayed coupling with other

oscillators. How will such inputs change the oscillators dynamics, their phase description

and eventually the network behavior?

3.3.4.1 Stochastic and time-varying systems

Exemplarily, we reconsider the Wilson-Cowan neural mass model (3.15) with population-

specific input Pk that combines both a stochastic term and a deterministic time-varying

term,

Pk = ξk(t) + P0 ((1 +Ak sin(ωp,kt+ φ0,k)) . (3.31)

The deterministic term oscillates sinusoidally with amplitude Ak, frequency ωp,k and phase

shift φ0,k. ξk(t) is an arbitrary noise term. When restricting it to white Gaussian noise, the

noise characteristics are given by 〈ξk(t)〉 = 0 and 〈ξk(t)ξl(s)〉 = 2D2δ(k− l)δ(t−s), where 〈·〉
denotes averaging over the realizations of ξk, and D ≥ 0 scales the noise intensity. In either

case, noise and time-variability can lead to more complex dynamics and may complicate the

phase reduction to great extent.

Periodic forcing without noise, i.e. Ak > 0 and D = 0, can, in general, already lead to

quasi-periodic oscillations of the single neural masses. Quasi-periodic oscillations can also

be caused by the time-delay structure, see Section 3.3.4.2, or by unidirectional coupling200.

Phase reduction techniques for weakly connected quasi-periodic Wilson-Cowan oscillators

have been proposed by Izhikevich201, and further extended by Demirt and co-workers202.

The application to networks of weakly coupled Wilson-Cowan neural masses where time-

periodic input is inducing quasi-periodic oscillations at the single node level, however, is still

missing and requires further investigation. Likewise, non-autonomous input functions may

generate chaotic oscillations. While a phase can be defined for chaotic oscillators203, to the

best of our knowledge no phase reduction approach has been attempted for weakly coupled

chaotic oscillators.

Recently, several studies have extended the deterministic Wilson-Cowan model by a noisy

component204–209. The origin of an additional noise term can be motivated in various ways:
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intrinsic fluctuations in neural activity, microscopic randomness in neural connectivity, or

stochastic perturbations due to finite-size effects; see210,211 and the references therein. More-

over, there is still an ongoing discussion about stochastic descriptions of meso-scale neural

populations, see, e.g., the recently proposed model by Schwalger and co-workers212. We

here aim at revising briefly how one can rigorously describe a network model of stochastic

Wilson-Cowan neural masses in terms of their phase dynamics. To do so, we consider noisy

external input Pk(t) = P0,k+εξk(t) to the external part of the kth Wilson-Cowan population

and omit further state-dependencies, i.e. the dynamics of interest read

Ėk = −Ek + S

[
aE

(
cEEEk − cIEIk −ΘE + P0,k +

κ

N

N∑
l=1

CklEl

)
+ εξk(t)

]
(3.32a)

İk = −Ik + S [aI (cEIEk − cIIIk −ΘI)] . (3.32b)

We assume that the noise is weak, i.e. ε� 1 is sufficiently small, and, as before, we consider

the parameter regime exhibiting self-sustained oscillations when κ = 0 = ε. The perturba-

tions by noise will affect the limit cycle oscillations in the same manner as is done by the

other weakly coupled Wilson-Cowan populations. In particular, the effects of noisy pertur-

bations crucially depend on the phase sensitivity function Z of the Wilson-Cowan neural

mass, and a reduced dynamics is favorable. Therefore, it appears legitimate to linearize

about the noise term such that we arrive at the dynamics (3.32a) of the excitatory part now

given by

Ėk = −Ek + S

[
aE

(
cEEEk − cIEIk −ΘE + P0,k +

κ

N

N∑
l=1

CklEl(t)

)]
+ εσkξk(t) +O(κε, ε2) ,

σk = σk(Ek, Ik) = S [aE (cEEEk − cIEIk −ΘE + P0,k)] +O(κ) .

(3.33)

Note that the multiplicative character of the noise becomes evident as ξk(t) appears in the

sigmoidal transfer function S
[
·
]

in (3.32). Again, the aim is to deduce the phase dynamics of

the network of coupled Wilson-Cowan neural masses with noisy input. In general, noise can

lead to strongly irregular oscillations, such that an extended phase description for stochastic

oscillators is needed as has been suggested alternatively by Schwabedal and Pikovsky213

and Thomas and Lindner214. In the case of weak noise these strong irregularities may not

arise, and we can rely on phase reduction methods for stochastic limit-cycle oscillators with

both additive and multiplicative noise215–218. The main focus in these references lies on the

synchronization of a network by common (white and colored) noise, but not necessarily on

a phase description where coupling and noise terms affect the oscillators’ phase dynamics.

Nonetheless, the work provides important insight into the subtleties of phase reduction that

arise due to (distinct) characteristic time scales of both the noise and the deterministic

dynamics87.

To be more precise, let τξ and τρ denote the characteristic correlation time of the noise

and the relaxation time of the amplitude of the limit cycle, respectively. For simplicity, we
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assume τρ to be independent of the phase θ. In the case of white noise, we can consider

the limit τξ → 0. Moreover, when the dynamics converges towards the limit cycle solution

instantaneously, we can assume the “phase limit” τρ → 0. In general, however, both τξ and

τρ are finite. If we ignore the coupling for a moment, then the general form of the phase

dynamics associated to (3.32) reads217

θ̇k =

[
ωk +

ε2

1 + (τξ/τρ)
Y (θk)

]
+ εZ(θk)ξk(t) (3.34)

in the Stratonovich interpretation219. Note that in (3.34) the natural frequency ωk of the

oscillator may vary when driven by white noise. Although this variation is of order O(ε2), it

is of the same intensity as effects due to additional forcing, or coupling, and might therefore

not be neglected87. In order to derive the the actual expressions of Z(θk) = Zk(θk) and

Y (θk) = Yk(θk), we first have to define the phase and amplitude coordinates θk,ρk similarly

as in Section 2.3.1.2. These definitions hold in a vicinity U of the limit cycle solution(
Eck(t), Ick(t)

)
=
(
Eck(θk), Ick(θk)

)
of the unperturbed system whose period is Tk = 2π/ωk.

Then, we find

Zk(θk) = Zk ·

(
σk(Ek, Ik)

0

)∣∣∣(
Ek,Ik

)
=
(
Ec
k
,Ic
k

) ,
where Zk is the phase sensitivity function of the (deterministic and uncoupled) neural mass

k. The expression Yk(θk) is more complicated and crucially depends on the amplitude

dynamics ρk evaluated on the limit cycle. For the general forms of Zk(θk) and Yk(θk), we

refer to216,217. Note, however, that in the limit of weak coupling, 0 < κ� 1, we arrive at

θ̇k = ωk +
ε2

1 + (τξ/τρ)
Yk(θk) +

κ

N

N∑
j=1

Hkj(θj − θk) + εZk(θk)ξk(t) (3.35)

with Hkj the usual phase interaction function introduced earlier; for the underlying theory

see38,168,220–223. For the practical application of an analytic reduction it is again advanta-

geous to first cast the dynamics (3.32) into Hopf normal form, determine the phase sensitivity

function Z and the amplitude dynamics ρk, and subsequently apply a phase reduction re-

sulting into (3.35). We would like to remark that when the amplitude dynamics towards the

limit cycle is much faster than the correlation time τξ of the noise, or when the limit cycle

is sufficiently robust against amplitude perturbations, then the ratio τξ/τρ can be assumed

to tend to infinity and the term with Yk(θ) will vanish. In this case, the phase reduction

to θ̇k = ωk + εZk(θk)ξk(t) is of the same (non-stochastic) nature as the ‘standard’ phase

reduction method217.

In the end, the phase reduction of the stochastic Wilson-Cowan neural mass network is

based on strong assumptions on the weakness of perturbations through coupling and noise.

Although there are recent extensions to strongly perturbed limit cycle oscillators224, the

method dwells on the separation of a slow but large-amplitude component and weak fluc-

tuations of the perturbation. In this sense, the approach seems rather adequate to model
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weakly coupled oscillators with changing background activity225. Although not explicitly

mentioned, the incorporation of noise appears to be straightforward. External input func-

tions, both deterministic and stochastic, can lead to complex collective behavior, such as

the onset of collective oscillations167 or stochastic, i.e. noise-induced, synchronization215,218.

However, a comprehensive theory for the reduction of dimensionality in terms of phase (and

amplitude) dynamics is still being sought for and remains in the focus of current research.

3.3.4.2 Systems with delay

Another important feature of a realistic network topology is the incorporation of a trans-

mission rate, that is, the time needed for the signal of oscillator k to perturb or affect

oscillator j. Up to now, we only considered infinitely fast, or instantaneous, interactions

between oscillators. However, in general one ought to take also the (transient) dynamics of

signal propagation into account, which is mainly, and sufficiently well, approximated by an

additional delay structure.

In the following, we briefly revisit the phase reduction theory for delay-coupled systems.

As in the previous sub-section, we focus on the Wilson-Cowan mass model. Delays can occur

both within a single neural mass and between distinct neural masses. Usually, the (internal)

interactions are assumed to be considerably fast compared to the typical transmission speed

across cortical regions. Therefore, delays within each neural mass can be neglected so that

only delays in the coupling between different neural masses generate a global (cortical) delay

structure. Such delay structure can be neurobiologically motivated when, e.g., inferred from

diffusion spectrum imagining. Once axonal pathways have been identified, the Euclidean

distances between connected brain regions and physiologically realistic conduction velocities

then provide an estimate on the delays τkl between nodes k, l. The network dynamics with

time-delay read

Ėk = −Ek + S

[
aE

(
cEEEk − cIEIk −ΘE + Pk +

κ

N

N∑
l=1

CklEl(t− τkl)

)]
(3.36a)

İk = −Ik + S [aI (cEIEk − cIIIk −ΘI)] . (3.36b)

Assuming that the time delays τkl are of the same order of magnitude as the period Tk of

oscillation of each of the neural masses, they will manifest themselves as model-dependent

phase shifts ∆kl = (2π/Tk)τkl in the coupling function of the reduced phase dynamics:

θ̇k = ωk + κ

N∑
l=1

H(θl − θk −∆kl) ; (3.37)

for the derivation see e.g., 42,44,48. Intuitively, this phase shift can be explained within the

theory of weakly coupled oscillators: Given that κ � 1 is small, the time-delayed coupling

term corresponds to a phase-shifted point on the (uncoupled) limit cycle. When expand-

ing the phase interaction function H in Fourier space, the phase shifts ∆kl will effectively

shape the amplitudes of the odd and even harmonics, i.e. of the sine and cosine components,
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respectively, which may affect the collective dynamics of the network. In fact, prior stud-

ies that respected transmission delays in phase oscillator networks have reported elaborate

synchronization dynamics226–230.

In the case of time delays where a phase shift-approximation as above is not adequate, e.g.,

when τ represents the time of propagation of the signal from one neuron to another, the dy-

namics become more complex. Indeed, delayed dynamical systems are infinite-dimensional,

and thus present a serious mathematical challenge. Numerical tools have been developed

such as DDE-BiFTOOL231,232, which can be used to investigate the dynamical properties

of coupled systems with delay. Coombes and Laing233 applied the methods to a single

Wilson-Cowan population with multiple time delays. In particular, time delays influence

the creation of oscillations as well as the form of the limit-cycle. Even quasi-periodic orbits

can emerge, as has been shown for a slightly different version of a Wilson-Cowan population

with delays234. How coupling, with and without delays, to other Wilson-Cowan populations

further shapes the oscillatory properties of the single neural masses has not been answered

yet.

Similar to coupling-induced oscillations, which will be the focus in the following Sec-

tion 3.3.5.1, also the incorporation of time delays may lead to oscillations. It is noteworthy

that phase reduction techniques have been extended to tackle these delay-induced oscil-

lations87,235,236. The theoretical framework developed there has yet to be generalized to

analyze weakly coupled delay-induced limit-cycle oscillators. Likewise, another open and

crucial question is whether reduction techniques can be applied to deduce a phase model

when oscillations are not necessarily delay-induced but strongly affected by the delay: de-

lays leading to too strong amplitude effects prohibit phase reductions without a loss of (too

much) information so that alternative ways have to be found.

3.3.5 Coupling functions

The coupling dynamics of interacting nonlinear oscillators is a research theme already in

itself, and we do not dare to even intend to treat this subject thoroughly. The interaction

between two units can take too many forms, is too diverse and may feature too distinct

dynamics, so that most of the times realistic coupling scenarios are approximated by simpler

terms to render a network analysis feasible. When confronted with interacting systems, it is

important to identify the correct type of coupling function between them, especially given

the role of coupling dynamics in shaping non-trivial network behavior. Therefore, we will

briefly comment on general aspects of coupling terms, on the modeling approximations of

realistic coupling as well as on the effects of coupling matrices reflecting realistic structural

connectivity. All of them can, and usually do, influence the reduction of a phase model.

As we briefly noted in our Brusselator example, Section 3.1, for systems with dynamics

ẋ = f(x) + g(x, y) the character of the coupling can be direct, g(x, y) = g(y), diffusive,

g(x, y) = g(y − x), reactive, g(x, y) = (ε + iβ)g(x − y), conjugate, g(x, y) = g(x − Py),

as a chemical synapse, g(x, y) = g(x)S(y) with S(·) of sigmoidal shape, or environmental,

g(x, y) = ε
∫ t

0
e−κ(t−s)(x(s) + y(s))ds; see the recent review237 and the references therein.
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One may further distinguish between linear and nonlinear coupling, depending on the order

of g(x, y). While the original dynamics of interacting systems exhibit one or more coupling

functions of the types above, their counterpart in the corresponding and reduced phase

model often boils down to either a diffusive phase coupling term g̃(θx, θy) = g̃(θx − θy) or

to a pulse-response coupling of the form g̃(θx, θy) = P (θy)R(θx). How coupling terms of the

original dynamics translate into the particular phase coupling functions, depends both on the

characteristics of the underlying dynamical system as well as on the strength of interaction.

The pulse-response coupling, as was established by Winfree in his original work85, appears

to be the more general form of phase interactions where the coupling term is the product

of the external perturbation P (θy) through the other oscillator with the response R(θx)

of the perturbed oscillator, the latter commonly referred to as the phase response function.

Averaging procedures, however, can be applied if the perturbations and/or coupling strength

are sufficiently weak, in which case a diffusive phase coupling term can be recovered again.

Moreover, there are other exceptions where an averaging procedure is also possible, such as

when multiple strong pulses are dispersed around the cycle, cf. 147.

We are also fully aware that models of interconnected nonlinear oscillators, in particu-

lar neural oscillators, often feature rather complex coupling terms with individual dynam-

ics153,238,239. Keyword here is ‘event driven’ coupling. For instance, let two neurons be

connected via a chemical synapse. When the presynaptic neuron elicits a spike, an ac-

tion potential travels along the axon and provokes the release of neurotransmitters at the

synapse. This in turn leads to a temporary change of the membrane potential of the post-

synaptic neuron with characteristic finite rise and fall times. Taken together, event driven

coupling can be defined as the time-resolved interaction between nodes (e.g., neurons) that

is triggered through a particular event (e.g., the spiking of the presynaptic neuron). This

transient dynamical process can be described mathematically with a linear differential oper-

ator that has a given response (or Green’s function). When allowing for this kind of complex

coupling, the corresponding network model becomes more detailed and high-dimensional.

Still, the theory outlined in Chapter 2 above applies also in this case and a proper phase

model can be reduced. The coupling functions in the reduced phase model, however, are

now time-dependent and can become arbitrarily difficult. Sometimes, these reduced coupling

functions can be approximated and continue to provide an accurate model of the underlying

system, see e.g., 240. We discourage, however, from ad hoc approximations without a sensi-

tive assessment of both the full dynamics and the reduced, or simplified, phase dynamics.

Here, we first analyzed the parameter range in which the nonlinear, sigmoidal coupling func-

tion in the Wilson-Cowan neural mass model can be adequately approximated by polynomial

terms, and then we employed the analytic reduction techniques for these parameters, cf. Sec-

tion 3.2. Incorporating delays between cortical regions or spatial kernels leads to far more

intricate coupling dynamics, see e.g., 241, and Section 3.3.4.2. Friston popularized Volterra

series to model inherent nonlinear interactions when also taking neuronal transients into ac-

count, i.e. the recent history of neural activity of connected neuronal populations242. Phase

reduction strategies have been extended recently to cope with time-varying external pertur-

bations224,225,243, which hints at ways how to tackle dynamically more intricate coupling
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terms. However, a thorough analysis of complex coupling functions and their translation

into phase models is beyond the scope of this review. Yet, we trust that our results can help

to construct particular phase coupling terms, which especially becomes important for the

modeling of neural cross-frequency interactions244,245.

3.3.5.1 Coupling-induced behavior

The reduction of phase dynamics from a network of coupled oscillators retains its mathe-

matical justification as long as the theory of weakly coupled oscillators applies. However, no

rigorous definition of weak coupling exists, nor a concrete limit of the coupling strength at

which the character of interaction switches from weak to strong. Usually, phase reduction

is achieved with the tacit understanding that each isolated system already displays stable

limit cycle oscillations, which is a necessary condition for the theory of weakly coupled oscil-

lators. However, in some cases it is the coupling between systems that induces oscillations.

Smale was among the first to investigate the emergence of oscillations via a Hopf bifurcation

due to diffusive coupling246. On the other hand, coupling between systems can also make

oscillations cease. Ermentrout and Kopell reported this kind of oscillation death for a chain

of Wilson-Cowan neural masses153, see also the work by Daffertshofer and van Wijk on a

(heterogeneous) network of Wilson-Cowan neural masses42.

Those effects only occur for reasonably large coupling strengths, and a straightforward

identification of the phase dynamics as within the theory of weak coupling is not possible.

While sufficiently weak coupling ensures that the shape and the frequency of the limit-

cycle orbits remain almost unchanged, strong coupling leads to non-negligible amplitude

effects. These can destabilize synchronized states, cause (amplitude and thus) oscillation

death or collective chaos, and a phase reduction has only been proposed for quite restrictive

assumptions; see224 and the references therein. Hence, phase-amplitude reductions247–249

have to be employed that also take interactions between phase and amplitude dynamics

into account. The theory of weakly coupled oscillators additionally requires that the actual

trajectories of the oscillators are always close to the isolated limit-cycle solution. Recently,

Wilson and Ermentrout proposed a method that allows for a phase reduction farther away

from the underlying periodic orbit250, thereby admitting also stronger perturbations and

coupling strengths, see also Section 3.3.7. For the sake of conciseness, we omitted the

difficulties mentioned above, knowing well the intricacies tied to a more careful investigation

of other urgent questions beyond the realm of the weak coupling limit. Yet, we would like

to briefly discuss the emergence of oscillations through coupling, as well as their cessation.

Oscillation birth and clustering From an analytic point of view, it appears illustrative to

start with two coupled identical oscillators, which rest in a stationary state when uncoupled.

As can be seen in the corresponding bifurcation diagram in Fig. 3.10, oscillations can be

induced through coupling via a Hopf bifurcation (red dot). The critical coupling strength

can be determined analytically, see also173. In our example, it is considerably small with

κ = 0.0531 (note that we did not rescale the coupling by a factor 1/N). Interestingly, al-

ready for two coupled oscillators the initial conditions have a major impact on the resulting
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Figure 3.10: Bifurcation diagram of two coupled identical Wilson-Cowan neural masses with pa-
rameters P = −3 and Q = −9.4. At low coupling strengths κ < 0.05, the two units are at rest (black
solid curve). Oscillations emerge at the Hopf bifurcation (red dot), where the resting state becomes
unstable (black dashed). The limit cycles of the two oscillators (red curves display upper and lower
limit) are identical up to the green dot. Beyond this point, identical initial conditions of the neural
masses result in the two identical limit cycles with upper and lower limits as shown in red. Finally,
oscillations cease through a fold bifurcation of limit cycles for higher coupling strengths (second red
dot). The yellow dot represents a homoclinic bifurcation, induced through the unstable counterpart
(blue dashed) of the pair of fixed points that emerged through a saddle-node bifurcation (blue dot).
For non-identical initial conditions of the neural masses, the attracting limit cycles are distinct for
coupling strengths higher than at the green dot. Stable oscillations (with limits on either the outer
or inner branches of the green curves) are then also possible beyond those coupling strengths for
which identical initial conditions evolve into a low-activity resting state (blue solid).

dynamics: while for coupling strengths κ < 0.6 (see green dot), all initial conditions run

either into the same two limit cycles or into the low activity resting state (blue solid curve),

for larger coupling strengths only identical initial conditions result into the same (red) limit

cycles. Different initial conditions for the two coupled neural masses may still lead to stable

oscillations, but the respective limit cycles can differ in amplitude and shape (green curves).

Moreover, oscillations starting from distinct initial conditions are stable for even larger cou-

pling strengths, where those from identical initial conditions have ceased through a fold

bifurcation of limit cycles (see the inset).

Based on our brief analytic insights concerning only two coupled oscillators, we anticipate

that coupling-induced effects will increase the dynamic intricacy of larger networks of strongly

coupled oscillators. To illustrate this, we simulated a fully connected network of 30 identical

Wilson-Cowan neural masses starting from random initial conditions. Fig. 3.11 displays the

network behavior for different coupling strengths. Without coupling, the network remains

at rest (top row). For weak coupling, there is perfect synchronization between coupling-

induced oscillations. Moreover, all oscillators describe the same limit cycle (middle row).

For stronger coupling, the coupling-induced oscillations become more complex. Different

oscillators form clusters, which furthermore evolve on distinct limit cycles (bottom row).

Oscillation death and quasiperiodic dynamics To investigate the phenomenon of oscillation

death, we chose parameters such that a single, unperturbed Wilson-Cowan neural mass
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Figure 3.11: Coupling induced behavior of N = 30 globally coupled identical Wilson-Cowan neural
masses with parameters P = −3 and Q = −9.4. Without coupling (top row), only the resting state
is stable. At low coupling strength κ = 0.05 (middle row), all neural masses synchronize on the same
limit cycle. At very high coupling strength κ = 0.81 (bottom row), the neural masses form three
clusters on distinct limit cycles and show intermittent synchronization. Left: dynamics of all neural
masses in the Ek − Ik plane for the lase t = 15 seconds. Middle: extracted phases of all neural
masses. Right: real Kuramoto order parameter displaying phase synchronization of the network.

exhibited stable limit-cycle oscillations. Starting again with two coupled identical oscillators,

we display the corresponding bifurcation diagram with respect to the coupling strength in

Fig. 3.12. For identical initial conditions, the red curves represent the upper and lower

limit of the amplitude of the (identical) limit cycles. Note that oscillation death occurs via a

homoclinic bifurcation (yellow dot). For distinct initial conditions, we find again two different

oscillatory regimes: at low coupling strengths, both limit cycles coincide. However, for

larger coupling strengths beyond κ ≈ 0.45 (red dot) each neural mass exhibits quasiperiodic

behavior, as depicted in Fig. 3.12b.

Similar to before, we also simulated the network dynamics and confirmed the analytic

predictions extrapolated from two coupled oscillators to a larger network. Results are shown

in Fig. 3.13. Note that the parameters P,Q are chosen such that the reduced phase model

predicts asynchronous network dynamics for low coupling strengths, as is demonstrated by

the simulations (top row). Stronger coupling leads first to a general increase in network

synchronization as indicated by the (mean value of the) Kuramoto order parameter, and

to quasiperiodic dynamics (middle row). Eventually, for even stronger coupling oscillations

cease and the dynamics collapse into a low activity state (bottom row).

3.3.5.2 Effects of structural connectivity

The analytic insight with respect to the bifurcation diagram of two coupled oscillators, helped

us in Section 3.3.5.1 to draw conclusions about possible network states of N � 2 globally



100 Chapter 3

-0.2 0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

E
1
,2

Bifurcation diagram for two coupled Wilson-Cowan oscillators

(a) Bifurcation diagram. (b) Quasiperiodic dynamics.

Figure 3.12: Oscillation death: bifurcation diagram similar to Fig. 3.10, now starting with stable
limit cycle oscillations without coupling. Oscillation death occurs via a homoclinic bifurcation (yellow
dot) for identical initial conditions. The red dots denote the emergence of quasiperiodic behavior for
distinct initial conditions. In (b) quasiperiodic behavior is depicted for coupling strength κ = 0.475

Figure 3.13: Coupling induced behavior of N = 30 globally coupled identical Wilson-Cowan neural
masses with parameters P = −3 and Q = −9. At low coupling strength κ = 0.15 (top row), all
neural masses desynchronize on the same limit cycle as predicted by the phase model. At intermediate
coupling strength κ = 0.75 (middle row), oscillators move along quasiperiodic trajectories and tend
to synchronize. At very high coupling strength κ = 0.81 (bottom row), oscillation death occurs and
the neural masses run into a low activity resting state. Left: dynamics of all neural masses in the
Ek− Ik plane for the lase t = 15 seconds. Middle: extracted phases of all neural masses. Right: real
Kuramoto order parameter displaying phase synchronization of the network.

coupled oscillators. As mentioned before, pairwise interaction between the oscillators in a

network allows us to generalize the findings about two oscillators to larger networks. In

principle, however, the coupling terms can combine the simultaneous effects from more than

one oscillator, which results in a multivariate coupling function with more than two input

variables. Multivariate interaction has recently attracted increased attention; an overview
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can be found in Section II.C.3237 and see various references therein. As long as the coupling

is sufficiently weak, phase reduction techniques can cope also with multivariate coupling

terms, see, e.g., Malkin’s Theorem in Section 2.3.1. Moreover, reduced phase models may

feature phase interaction functions with up to four interacting phases, see the reduction via

SN × S1-symmetry in Section 2.2.6. Still, already in the case where the phase interaction

function only depends on pairwise phase differences, the network can exhibit rich and non-

trivial dynamics as seen before.

Another important factor that can shape the network dynamics is the structural con-

nectivity between nodes. The underlying network topology plays a significant role for the

observed network behavior. In particular, many results about expected network behavior

based on (higher harmonics of) the reduced phase interaction function are no longer valid

when the connectivity structure deviates from global, all-to-all coupling, as we will illustrate

below. Yet, on a first level, the derivative of the reduced phase interaction function can still

provide important information about (remote) synchronization properties of a realistically

connected network, see e.g., 58.

As before, we assume that possibly multivariate coupling terms gk(x1, . . . ,xN ) of the

underlying oscillator model of N interacting nonlinear oscillators can safely be approxi-

mated by the sum over pairwise coupling terms gk(x1, . . . ,xN ) ≈
∑
j=1 Ckjg(xk,xj). If

such a decomposition is not possible for all units of the network, an exit strategy may be

the following: first, the network is parceled into interacting subnetworks, and subsequently

each oscillating subnetwork is characterized in terms of its macroscopic rhythm, employ-

ing collective phase description methods as devised by Kawamura, Nakao, Kuramoto and

co-workers167,168,221,222.

As usual our goal is to establish a phase model of the form (2.16),

θ̇k = ω +
κ

N

N∑
j=1

CkjH (θk − θj) , (3.38)

where Ckj denote the entries of the adjacency or connectivity matrix, which represents the

structural connectivity between oscillators. In the simplest case, all oscillators are coupled

to all the others, that is the case of global coupling with Ckj = 1 for all k 6= j. More

realistic network topologies, on the other hand, can be translated into adjacency matrices

that respect graph-theoretical properties of, e.g., the structural brain connectivity as derived

from diffusion tensor imaging. The effects of the network topology on the macroscopic

behavior are to great extent still unclear. Indeed, particular features in the network topology,

such as, e.g., small-worldness, which is believed to resemble the connectivity of the human

brain, elude analytic treatment completely, but at the same time bear rich non-trivial network

behavior251–254.

To give a slight insight into the additional complexity, we compared the simulated phase

dynamics with the phases extracted from the original Wilson-Cowan neural mass model

(3.15) and considered three different coupling topologies: a fully connected homogeneous

network, an anatomical network reported by Hagmann and co-workers255, and a network
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with small-world topology generated by the Watts-Strogatz model256; see Fig. 3.14 for the

corresponding adjacency matrices.

(a) Hagmann network. (b) Small-world network.

Figure 3.14: Connectivity matrices for the Hagmann dataset and the generated small-world topol-
ogy using an average degree of 10 and a rewiring probability of 0.2.

Following Section 3.2.5, we simulated the network in the parameter regions where we ex-

pect synchronization, incoherence and cluster states, and changed the connectivity matrix

subsequently. As displayed in Fig. 3.15, the particular connectivity structures led to macro-

scopic dynamics that became indistinguishable from one another, the red and blue graphs

correspond to small-world and Hagmann network connectivity, respectively. Only in case of

a fully connected homogeneous network, see the black graphs, the actual dynamics matched

Figure 3.15: Simulation of the Wilson-Cowan dynamics at coupling strength κ = 0.15 for regimes
as predicted by the reduced phase model: synchronization (top row), asynchrony (middle) and two-
cluster state (bottom). Left: final (T = 2000) position of all 66 connected Wilson-Cowan oscillators
on the unperturbed limit cycle (green) with random initial conditions (black dots). Middle: phase
histogram of final Wilson-Cowan oscillators. Right: phase synchronization of the network measured
with the real Kuramoto order parameter with a moving average over 20 seconds. Colors correspond
to full connectivity (black, circles), small world (blue, diamonds), and Hagmann (red, squares).
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the predictions of the numerically reduced phase model.

Figure 3.16: Simulation of the reduced phase models at coupling strength κ = 0.25 with full (left
column), small-world (middle) and Hagmann network connectivity (right). Insets show histogram of
the final (T = 2000 for full connectivity, and T = 10000 otherwise) phase distribution for N = 200
oscillators (N = 66 for Hagmann network). Colors correspond to numerical reduction (black), direct
averaging (green), reductive perturbation (red), and nonlinear transform approach (blue).

Moreover, we simulated the different phase models as retrieved by the four reduction

techniques. The numerically reduced phase dynamics (black graphs) correctly captured the

original Wilson-Cowan dynamics for full connectivity, see the left column in Fig. 3.16. For

non-trivial connectivity structures, however, none of the phase models can follow the predic-

tions based on the (global) phase interaction function H. While for the small-world network

(middle column) the simulations hint slightly at the synchronous, asynchronous and two-

cluster regimes, respectively from top to bottom, the observed dynamics on the Hagmann

network appear arbitrary. Note that the direct averaging technique (green graphs) leads to

synchronized macroscopic behavior for almost all parameter settings and connectivity struc-

tures. The two analytic techniques feature rather distinct behavior for full connectivity: the

reductive perturbation approach (red) leads to full synchronization, whereas the nonlinear

transform approach (blue) results in a two cluster state. On the other hand, for the small-

world and Hagmann networks, the two techniques converge to the same network behavior.

For more details about the connectivity structures as well about the simulations, we refer to

the Appendix170.

In a nutshell, we can conclude that topology effects overcome otherwise precise predictions

of the phase model such that even the least accurate direct averaging method does not

perform worse than the other techniques.
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3.3.6 Phase versus other oscillators

3.3.6.1 Nonlinear oscillators

The limitations as presented in Section 3.3.5 culminate in the natural question how well

phase models are actually able to approximate and predict the behavior of the network

model of coupled, often high-dimensional nonlinear oscillators. As shown in Sections 3.1

and 3.2, a properly tailored phase reduction can lead to a phase model that not only de-

scribes synchronization transitions of the underlying model accurately, but also captures

non-trivial network behavior such as cluster states. It can, however, also be the case that

complex emergent phenomena, e.g., cluster states (and chimera states as a special case of

clustering), self-organized quasiperiodic synchrony, or amplitude death, are due to amplitude

effects in the oscillator network. Then, the validity of a reduced (and averaged) phase model

is highly questionable. To give an example, Rosenblum and Pikovsky considered a system of

identical Stuart-Landau oscillators with global nonlinear coupling90–92. In deriving the cor-

responding phase dynamics, they found90 a dynamic dependence of the coupling strength as

well as of the amplitudes of the first harmonics on the network’s order parameter. It is true

that the resulting phase model is integrable within the Watanabe-Strogatz theory. However,

the additional dynamics pose an irreconcilable obstacle for the varying phase interaction

function to be retrieved: The numerical phase reduction techniques only provide a static

picture. But also the normal form reduction methods, which usually transform the original

dynamics near a supercritical Hopf bifurcation into the form of Stuart-Landau oscillators,

fail to respect the higher order dependence on the order parameter, even in case of constant

global coupling91,92. The reason is that the particular nonlinear coupling term considered by

Rosenblum and Pikovsky will be culled as it merely provides higher order corrections to the

first dominant harmonics, see Section 2.2.1.2. Interestingly, nonlinear coupling is not nec-

essary to induce non-trivial network behavior. Sethia and Sen considered it surprising that

chimera states in a network of Stuart-Landau oscillator already exist for linear coupling257.

However, the results by Kori and co-workers, who detected cluster states as well as slow

switching behavior for a network of diffusively coupled Brusselators based on their reduced

phase model95, and also our findings, suggest that complex and rich network behavior can

be predicted by adequately derived phase models.

3.3.6.2 Non-smooth oscillators

The way the T -periodic limit cycle C has been introduced above, suggests that the trajec-

tory φ(t;xc) is a smooth curve in phase space for 0 ≤ t ≤ kT with k → ∞. However, the

definition of C also holds for non-smooth trajectories, e.g., for a piece-wise smooth trajectory

that features sudden jumps. In this manner it is possible to define a phase also for so-

called integrate-and-fire neuron models: every time the voltage variable exceeds a particular

threshold value, a spike is elicited and the voltage is reset to a lower reset value. For the time

between two spikes, the voltage can then be parametrized in terms of a phase value. Con-

sequently, it is possible to determine the phase dynamics of an integrate-and-fire model102.
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Politi and Rosenblum recently demonstrated the equivalence between phase-oscillator and

integrate-and-fire models in the weak-coupling limit for a fully connected network of identical

units258. Moreover, models of electric circuits with discontinuous switching or gait models

with sudden collisions with the ground feature non-smoothness of the state variables. The

dynamical systems describing these models are usually called hybrid dynamical systems.

If they exhibit limit-cycles, then one refers to those oscillations as hybrid limit-cycle os-

cillations. The recent work259 by Shirasaka, Kurebayashi and Nakao provides a detailed

mathematical account of the phase reduction of such hybrid limit-cycle oscillators.

3.3.7 Phase-amplitude models

A more general approach to the definition of phases and amplitudes is the transformation

into a so-called phase-amplitude model. Typically, one introduces a moving orthonormal

coordinate system around the limit cycle and fixes one axis pointing in the direction of the

tangent vector along the periodic orbit. The coordinate corresponding to this tangential axis

indicates the phase whereas all other coordinates are associated with the distance from the

limit cycle, previously defined as amplitudes. Phase-amplitude descriptions allow for tracking

dynamical phenomena that are not visible within the isochronal (phase) description. Exam-

ples are shear-induced chaos or oscillation death. The recent review by Ashwin, Coombes,

and Nicks89 and the references therein provide more details. Despite the greater accuracy of

phase-amplitude models, however, isochronal phase models are often in favor for their sim-

plicity and are generally valid as long as perturbations are weak, or considerably moderate.

For larger perturbations, discarding the amplitude dynamics may be improper. It seems

promising to introduce a simplified coordinate system via so-called isostable coordinates,

which correctly describes the phase dynamics away from the limit-cycle250. This approach

does not rely on the weak coupling assumption. Likewise promising are recent approaches

that allow, e.g., for large external perturbation that oscillate at sufficiently slow224,225 or

fast frequencies243. In Section 2.3.1.2, we briefly sketched a phase reduction approach that

crucially relies on the fast relaxation rate of the oscillator towards its limit cycle. There,

the introduced phase-amplitude coordinate system reduces by means of a separation of time

scales to a phase description only.

As a final note we would like to add that Koopman operators provide a very useful frame-

work to accurately describe transient dynamics of systems with stable limit cycles in reduced

phase and amplitude coordinates. Similar to the notion of isochrons as level sets of the same

asymptotic phase value, it is possible to define the above-mentioned isostables as a set of

initial conditions that have the same relaxation rate towards the attracting limit cycle260.

An isostable represents an amplitude degree of freedom, which in addition is independent of

the phase and of other amplitude degrees of freedom. Both isochrons and isostables can be

understood from a unified perspective via the spectral properties of the Koopman (composi-

tion) operator247,260,261. This operator has proven to be of invaluable use for dynamic mode

decomposition, a data-driven approach to complex nonlinear systems. Wilson and Moehlis

further extended the theory to systems with limit cycle attractors262. A rigorous extension
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to phase-amplitude dynamics, also away from the limit cycle, has recently been proposed

by Shirasaka, Kurebayashi and Nakao247; see also263 including an alternative numerical ap-

proach to compute the phase and amplitude responses via a forward-integration method.

The Koopman operator framework further allows to reduce phase and amplitude dynamics

in a consistent way and can be implemented numerically. As we mainly focused on weak

perturbations off the limit cycle, such that amplitude effects become negligible, we refrain

from further elaboration on the Koopman operator theory and refer the interested reader to

the literature, see247 and numerous references therein.

3.3.8 Analytic approaches versus numerics – a final word

The ‘competition’ between analytic phase reduction techniques and numeric reduction tech-

niques boils down to seeking a compromise between qualitative insights and quantitative

accuracy of the resulting phase model. Either, one can gain analytic insights into how pa-

rameters of the underlying oscillatory dynamics translate into the phase model, which may

come at the cost of losing accuracy as soon as the dynamics are away from a bifurcation

point. Or, we derive the phase dynamics numerically and with high accuracy, but may forego

explicit analytic expressions that can provide an intuition about which parameters of the

underlying model influence the phase dynamics to what extent and in which direction. We

therefore advise to combine both analytic and numerical reduction techniques. In this way,

numerical techniques can, e.g., be used to verify the validity of analytic reduction techniques

so that analytic insights can be gained in an optimally extended neighborhood around a

bifurcation point.


